Homework #7 Discrete Myth
Combinatorics ¥ Spring 2025

Do whatever you want, but always explain what you are doing.

— KONSTANTIN, 2020

1. One of the classical combinatorial problems is counting the number of arrangements of n balls
into k boxes. There are at least 12 variations of this problem: four cases (a—d) with three different
constraints (1-3). For each problem (case+constraint), derive the corresponding generic formula.
Additionally, pick several representative values for n and k and use your derived formulae to find
the numbers of arrangements. Visualize several possible arrangements for the chosen n and k.

Cases with arrangement examples:
a. U — L: Balls are Unlabeled, Boxes are Labeled.

b. L — U: Balls are Labeled, Boxes are Unlabeled.

c. L — L: Balls are Labeled, Boxes are Labeled.

d. U — U: Balls are Unlabeled, Boxes are Unlabeled.
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Constraints:

1. <1 ball per box— injective mapping.
2. > 1 ball per box— surjective mapping.
3. Arbitrary number of balls per box.

Notes:

* Unlabeled means “indistinguishable”, and Labeled means “distinguishable”.
 Stirling number of the second kind sIICI(n) = {Z} =S(n, k) is the number of ways to partition

a set of n elements into k non-empty subsets. Use s]ICI(n) notation (or {Z}, or S(n, k), to your
preference) directly without expanding the closed formula.

* Partition function py (n) is the number of ways to partition the integer n into k positive parts,
i.e. the number of solutions to the following equation: n =a; +- - - +ay, wherea; > - - - > ap > 1.
Use pi(n) directly, since the closed-form expression is unknown.

2. How many different passwords can be formed using the following rules?

* The password must be exactly 8 characters long.

« The password must consist only of Latin letters (a-z, A-Z) and Arabic digits (0-9).

* The password must contain at least 2 digits (0-9) and at least 1 uppercase letter (A-Z).
* Each character can be used no more than once in the password.

How long does it take to crack such a password?


https://en.wikipedia.org/wiki/Twelvefold_way
https://en.wikipedia.org/wiki/Stirling_numbers_of_the_second_kind
https://en.wikipedia.org/wiki/Partition_(number_theory)#Restricted_part_size_or_number_of_parts
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3. Find the number of different 5-digit numbers using digits 1-9 under the given constraints. For
each case, provide examples of numbers that comply and do not comply with the constraints,
and derive a generic formula that can be applied to other values of n (total available digits) and k
(number of digits in the number). Express the formula using standard combinatorial terms, such
as k-combinations CX and k-permutations P(n, k).

) Digits can be repeated.
) Digits cannot be repeated.

(a

(b

(c) Digits can be repeated and must be written in non-increasing® order.

(d) Digits cannot be repeated and must be written in strictly increasing order.
(

e) Digits cannot be repeated and the sum of the digits must be even.

4. Let n be a positive integer. Prove the following identity using a combinatorial argument:
n
Zk-Cl,f =n-2"!
k=1

5. Let r, m, n be non-negative integers. Prove the following identity using a combinatorial argument:

)=l

6. Prove the Generalized Pascal’s Formula (forn > 1and ky,...,k, >0 with ky +-- - + k, =n):

n _Zr: n—1
ki,....k ] —\ki, ... ki—1,... ks

7. Find the coefficient of x°y’z> in the expansion of (x +y +z)*.
8. Count the number of permutations of the multiset ¥* = {2-A,3-0,1- #&}.

9. A non-crossing perfect matching” in a graph is a set of pairwise disjoint edges that cover all vertices
and do not intersect with each other. For example, consider a graph on 2n vertices numbered
from 1 to 2n and arranged in a circle. Additionally, assume that edges are straight lines. In this case,
edges {i, j} and {a, b} intersect whenever i <a < j <b.

(a) Count the number of all possible non-crossing perfect matchings in a complete graph Kj,.

(b) Consider a graph on vertices labeled with letters from {A, C, G, U}. Each pair of vertices labeled
with A and U is connected with a basepair edge. Similarly, C-G pairs are also connected.
The picture below illustrates some of possible non-crossing perfect matchings in the graph
with 12 vertices AUCGUAAUCGCG arranged in a circle. Basepair edges are drawn dashed gray,
matching is red
G A G A
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Count the number of all possible non—crossing perfect matchings in the graph on 20 vertices
arranged in a circle and labeled with CGUAAUUACGGCAUUAGCAU.

! A sequence (x;) is said to be strictly monotonically increasing if each term is strictly greater than the previous one,
ie x; < xj+1. A sequence (xy,) is called non-increasing if each term is less than or equal to the previous one, i.e. x; > Xjy1.
2 Credits to Rosalind for this task.


https://rosalind.info/about
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10.

11.

12.

13.

14.

How many integer solutions are there for each given equation?

(@) x1+ x3 +x3 =20, where x; >0 () x1+x3+x3 =20, where 1 < x; <x3 <x3

(b) x1 + x2 + x3 = 20, where x; > 1 (f) x1+x2 +x3 =20, where 0 < x; < x5 < x3

(c) x1+ x3 +x3 =20, where x; > 5 (g) x1+x2+x3 =20, where 0 < x; <x, <x3 <10
(d) x1 + x3 +x3 < 20, where x; > 0 (h) x1 4+ x2 +x3 =5, where -5 <x; <5

Consider three dice: one with 4 faces, one with 6 faces, and one with 8 faces. The faces are
numbered 1 to 4, 1 to 6, and 1 to 8, respectively. Find the probability of rolling a total sum of 12.

Let A={1,2,3,...,12}. Define an interesting subset of A as a subset in which no two elements
have a difference of 3. Determine the number of interesting subsets of A.

Find the number of ways to arrange five people of distinct heights in a line such that no three
consecutive individuals form a strictly ascending or descending height sequence.

GLaDOS, the mastermind Al is testing a new batch of first-year students in one of her infamous
test chambers. She assigns each test subject a unique number from 1 to n, and then splits the
students into k indistinguishable groups. Furthermore, one student in each group is assigned as
the group leader. GLaDOS wants to know how many different ways she can arrange the students
into groups and select group leaders, so that the students can navigate through the test chambers
without getting lost. She calls this arrangement a “GLaDOS Partition”.

For example, consider n =7 students and k = 3 groups. Here are three (out of many!) different
partitions, with the group leaders underlined: (12567 |34), (1]2567|34), and (12567 | 34).

Let the number of GLaDOS Partitions for n students into k groups, where each group has a
designated leader, be denoted as G(n, k). Your task is to find a generic formula and/or recurrence
relation for G(n, k) and justify it.

% 3k ok

Please make sure to answer all questions and provide clear explanations for your solutions.
Good luck!



