
Distance between Sets
Define the Jaccard distance (measure of dissimilarity) between two sets 𝑆𝑖 and 𝑆𝑗 as:

𝑑𝐽(𝑆𝑖, 𝑆𝑗) = 1 −
|𝑆𝑖 ∩ 𝑆𝑗|

|𝑆𝑖 ∪ 𝑆𝑗|
=
|𝑆𝑖△𝑆𝑗|

|𝑆𝑖 ∪ 𝑆𝑗|
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Let 𝑈 = ⋃𝑆𝑖 and 𝑉 = ⋂𝑆𝑖. Define sets 𝑇𝑖:

𝑇1 = (𝑆1 ∖ (𝑆2 ∪ 𝑆3)) ∪ ((𝑆2 ∩ 𝑆3) ∖ 𝑆1)

𝑇2 = (𝑆2 ∖ (𝑆1 ∪ 𝑆3)) ∪ ((𝑆1 ∩ 𝑆3) ∖ 𝑆2)

𝑇3 = (𝑆3 ∖ (𝑆1 ∪ 𝑆2)) ∪ ((𝑆1 ∩ 𝑆2) ∖ 𝑆3)

Or more generally:

𝑇𝑖 = (𝑆𝑖 ∖ (𝑆𝑗 ∪ 𝑆𝑘)) ∪ ((𝑆𝑗 ∩ 𝑆𝑘) ∖ 𝑆𝑖)

Let’s prove that the Jaccard distance satisfies the triangle inequality:

𝑑𝐽(𝑆𝑖, 𝑆𝑗) + 𝑑𝐽(𝑆𝑗, 𝑆𝑘) ≥ 𝑑𝐽(𝑆𝑖, 𝑆𝑘)

Step 1: The sum of 𝑇𝑖 is exactly 𝑈  without the triple intersection 𝑉 :

|𝑇1| + |𝑇2| + |𝑇3| = |𝑈| − |𝑉 |

Which can be rearranged to:

|𝑇1| + |𝑇2| + |𝑇3|
|𝑈|

= 1 −
|𝑉 |
|𝑈|

Step 2: Take any pair 𝑆𝑖, 𝑆𝑗 and let 𝑘 be the remaining index. Compute the symmetric difference:

𝑆𝑖△𝑆𝑗 = (𝑆𝑖 ∖ 𝑆𝑗) ∪ (𝑆𝑗 ∖ 𝑆𝑖)

= ((𝑆𝑖 ∖ (𝑆𝑗 ∪ 𝑆𝑘)) ∪ ((𝑆𝑖 ∩ 𝑆𝑘) ∖ 𝑆𝑗)) ∪

∪ ((𝑆𝑗 ∖ (𝑆𝑖 ∪ 𝑆𝑘)) ∪ ((𝑆𝑗 ∩ 𝑆𝑘) ∖ 𝑆𝑖))

= 𝑇𝑖 ∪ 𝑇𝑗

Since 𝑇𝑖 are pairwise disjoint, we have |𝑆𝑖△𝑆𝑗| = |𝑇𝑖| + |𝑇𝑗|. Therefore, the Jaccard distance is:

𝑑𝐽(𝑆𝑖, 𝑆𝑗) =
|𝑆𝑖△𝑆𝑗|

|𝑆𝑖 ∪ 𝑆𝑗|
=
|𝑇𝑖| + |𝑇𝑗|

|𝑆𝑖 ∪ 𝑆𝑗|

Step 3: Use two monotonicity facts about set sizes:

1. For the union, |𝑆𝑖 ∪ 𝑆𝑗| ≤ |𝑈|. Dividing by a smaller number makes the fraction larger, so:

𝑑𝐽(𝑆𝑖, 𝑆𝑗) =
|𝑇𝑖| + |𝑇𝑗|

|𝑆𝑖 ∪ 𝑆𝑗|
≥
|𝑇𝑖| + |𝑇𝑗|
|𝑈|

2. For the intersection: |𝑆𝑖 ∩ 𝑆𝑗| ≥ |𝑉 |. Dividing by a larger number makes the fraction smaller, so:

|𝑆𝑖 ∩ 𝑆𝑗|

|𝑆𝑖 ∪ 𝑆𝑗|
≥
|𝑉 |
|𝑈|

Now recall (see Step 1) that 1 − |𝑉 | / |𝑈| = (|𝑇1| + |𝑇2| + |𝑇3|) / |𝑈|, so this is the upper bound:



𝑑𝐽(𝑆𝑖, 𝑆𝑗) ≤
|𝑇1| + |𝑇2| + |𝑇3|

|𝑈|

Thus for every pair 𝑖, 𝑗 we have the sandwich:

|𝑇𝑖| + |𝑇𝑗|
|𝑈|

≤ 𝑑𝐽(𝑆𝑖, 𝑆𝑗) ≤
|𝑇1| + |𝑇2| + |𝑇3|

|𝑈|
= 1 −

|𝑉 |
|𝑈|

Step 4: Combine the inequalities for the distances 𝑑𝐽(𝑆1, 𝑆2) and 𝑑𝐽(𝑆2, 𝑆3).

Using the lower bounds, we have:

𝑑𝐽(𝑆1, 𝑆2) + 𝑑𝐽(𝑆2, 𝑆3) ≥
|𝑇1| + |𝑇2|
|𝑈|

+
|𝑇2| + |𝑇3|
|𝑈|

=
|𝑇1| + 2 ⋅ |𝑇2| + |𝑇3|

|𝑈|

Since 2 ⋅ |𝑇2| ≥ |𝑇2|, we have:

|𝑇1| + 2 ⋅ |𝑇2| + |𝑇3|
|𝑈|

≥
|𝑇1| + |𝑇2| + |𝑇3|

|𝑈|
= 1 −

|𝑉 |
|𝑈|

But from the upper bound, we have 𝑑𝐽(𝑆1, 𝑆3) ≤ 1 − |𝑉 | / |𝑈|. Therefore:

𝑑𝐽(𝑆1, 𝑆2) + 𝑑𝐽(𝑆2, 𝑆3) ≥ 1 −
|𝑉 |
|𝑈|

≥ 𝑑𝐽(𝑆1, 𝑆3)

Hence 𝑑𝐽(𝑆1, 𝑆2) + 𝑑𝐽(𝑆2, 𝑆3) ≥ 𝑑𝐽(𝑆1, 𝑆3). The same argument works for any other permutation 

of indices, so the triangle inequality for the Jaccard distance is proven. □
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