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Combinatorics

“Tt is better to solve one problem five different ways,
than to solve five problems one way.”

— George Polya

George Polya ~ Abraham de  Leonhard Euler Gottfried Herbert Wilf  Arthur Cayley Augustln -Louis
Moivre Wilhelm Cauchy
Leibniz



What is Combinatorics?

Definition 1: Combinatorics is the branch of mathematics that studies the existence, enumeration, and
structure of finite discrete objects.

Three fundamental questions arise in every combinatorial problem:

7

Existence

Does an arrangement of the
required kind exist at all?

Example: Does a graph with
5 vertices where every
vertex has exactly

3 neighbors exist?

N\

Enumeration

How many such
arrangements are there?
Example: How many 4-digit
PIN codes are possible?

Optimization
Which arrangement is best

by some criterion?

Example: What is the
shortest tour visiting all
n cities exactly once?
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Basic Counting Principles

“Music is the pleasure the human mind experiences from counting
without being aware that it is counting.”

— Gottfried Wilhelm Leibniz



Basic Counting Rules

Vs

Addition (either/or)

If S splits into disjoint parts S, ..., Sy, count
each part separately: |S| = |S;| + ... + S|

Example: 26 vowels + 20 consonants =
46 letters.

Subtraction (complement)

Count what you don’t want and subtract from
the universe U: ’§’ = |U| —|S|

Example: 8-bit strings with a leading zero:
28 —27 =128

Multiplication (and)

For independent sequential choices of sizes
My ey Ny, multiply: | S| =nq -ng - ... - ny,

Example: 26 x 10 = 260 two-character codes
(letter then digit).

Bijection (one-to-one)

If S and T are in bijective correspondence, they
have the same size: |S| = |T|

Example: (7) = (,,7,) via A = [n] \ A.
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Addition Principle

Definition 2: We say a finite set S is partitioned into parts Sy, ..., S}, if the parts are pairwise disjoint
and their union is S. In other words, S; N S; = @ for i # jand S; U Sy U... U S, = S. In that case:

ST = 151 + [S2] + - + Skl

Example: Let S be the set of students attending the combinatorics lecture. It can be partitioned into parts
S, and S, where

S, = set of students that like easy examples.

S, = set of students that don‘t like easy examples.

If |S;| = 22 and |S,| = 8, then we can conclude |S| = |S;| + |S5| = 30.
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Multiplication Principle

Definition 3: If S is a finite set that is the product of S, ..., Sy, thatis, § = 5| x ... x S}, then

|S] = 151 x .. X [S]

Example: A license plate consists of 3 letters followed by 3 digits. The letters are chosen from {A, ..., Z}
(26 choices each) and the digits from {0, ..., 9} (10 choices each). Since each position is filled independently:

26 x 26 x 26 x 10 x 10 x 10 = 263 - 103 = 17,576, 000
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Subtraction Principle

Definition 4: Let S be a subset of a finite set 7. We define the complement of S as S =T\ S. Then
S| =T -8
Example: Let T be the set of all students at a university (|7'| = 23905). Let S C T be the set of students

studying neither mathematics nor computer science (|S| = 20178). The complement S = T \ S consists of
students studying mathematics or computer science:

|S| = |T| — |S| = 23905 — 20178 = 3727

9/199



Bijection Principle

Definition 5: If S and T are sets, then

|S| = |T| <= there exists a bijection between S and T

Example: The number of k-subsets of [n] equals the number of (n — k)-subsets: (}) = (", ). The map

S+ [n] \ S is a bijection from ([Z]) to (n[i]k): each k-subset maps to its (n — k)-element complement,

and the map is its own inverse.

Note: The bijection principle works for infinite sets too — this is the foundation of Cantor’s theory of

cardinality.
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Pigeonhole Principle

Definition 6: Let Sy, ..., S}, be finite sets that are pairwise disjoint and |S; | + |Sy| + ... + S| = n.

Zie{l, ki IS 2 [2] and Fje {1k} 15| < | 5]

Example: Assume there are 5 holes in the wall where pigeons nest. Say there is a set S; of pigeons nesting
in hole 7. Assume there are n = 17 pigeons in total. Then we know:

 There is some hole with at least d = 4 pigeons.

+ There is some hole with at most b = 3 pigeons.

s N

Birthday attack: a hash function maps arbitrary inputs to n-bit digests.

« With 2" + 1 inputs, at least two must collide — guaranteed by the pigeonhole principle.
- With only &~ 2"*/2 random inputs, collision probability already exceeds 50%.

This is the birthday bound and sets the security level of hash functions in cryptography.

\. J
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Double Counting

If we count the same quantity in two different ways, then this gives us a (perhaps non-trivial) identity.

Example (Handshaking Lemma): Assume there are n people at a party and everybody will shake hands
with everybody else. How many handshakes will occur? We count this number in two ways:

1. Every person shakes n — 1 hands and there are n people. However, two people are involved in a
handshake so if we just multiply n - (n — 1), then every handshake is counted twice. The total number

of handshakes is therefore %_1)

2. We number the people from 1 to n. To avoid counting a handshake twice, we count for person ¢ only
the handshakes with persons of lower numbers. Then the total number of handshakes is:
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Arrangements, Permutations,
Combinations

“As for everything else, so for a mathematical theory:
beauty can be perceived but not explained.”

— Arthur Cayley



Ordered Arrangements

Definition 7: Denote by [n] = {1, ..., n} the set of natural numbers from 1 to n.

Hereinafter, let X be a finite set.

Definition 8: An ordered arrangement of n elements of X isa map s : [n] — X.

+ Here, [n] is the domain of s, and s(4) is the image of i € [n] under s.
+ The set {x € X | s(i) = x for some ¢ € [n]} is the range of s.

Other common names for ordered arrangements are:
« string (or word), e.g. “Banana”

. sequence, e.g. “0815422372”

. tuple, eg. (3,5,2,5,8)

Example: i ‘ 1 2 3 4 5 6
@ 7 7 & 7 %
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Permutations

Definition 9: A permutation of X is a bijective map 7 : [n] — X.

Usually, X = [n], and the set of all permutations of [n] is denoted by S,,.

Example: i ‘ 1

Definition 10: k-permutation of X is an ordered arrangement of k distinct elements of X, that is, an
injective map 7 : [k] — X.

The set of all k-permutations of X = [n] is denoted by P(n, k). In particular, S,, = P(n,n).
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Circular Permutations

Definition 11: A circular k-permutation of [n] arranges k distinct elements of [n] in a circle. Two such
arrangements are considered the same if one is a cyclic rotation of the other. The set of all circular k-
permutations of [n] is denoted F,,, ;.

Linear: all 3! = 6 are distinct: Circular: rotations are identical:

(1,2,3) ~ (2,3,1) ~ (3,1,2) — same circle
Only 2 distinct circles: (1,2,3) and (1, 3, 2)
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Counting Permutations

Theorem 1: For any natural numbers 0 < k < n, we have

|p(n,k)|:n-(n—l)-...-(n—k+1)=m

This formula is also called the falling factorial and denoted n® or (n),.

Proof: A permutation is an injective map 7 : [k] — [n]. We count the number of ways to pick such a map,
picking the images one after the other. There are n ways to choose 7(1). Given a value for 7(1), there are
(n — 1) ways to choose 7(2) (since we may not choose 7(1) again). Continuing like this, there are

(n — i+ 1) ways to pick 7(4), and the last value we pick is w(k) with (n — k + 1) possibilities.

Every k-permutation can be constructed like this in exactly one way. The total number of k-permutations is
therefore given as the product:

n! O

‘p(n,k)]:n-(n—l)-...-(n—k—i-l)=m
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Counting Circular Permutations

Theorem 2: For any natural numbers 0 < k < n, we have

Pnk n!
|F.(n, k)| = m
Proof: We doubly count P(n, k):
1. |P(n,k)| = Ty Which we proved before.
2. |P(n, k)| = |P.(n, k)| - k because every equivalence class in P,(n, k) contains k permutations from

P(n, k) since there are k ways to rotate a k-permutation.

= |P.(n, k)| - k, which implies | P.(n, k)| = ————. O

From this we get k-(n—k)l

n!
(n—k)!

18 /199



Unordered Arrangements

Definition 12: An unordered arrangement of k elements of X is a multiset S = (X, r) of size k.

In a multiset, X is the set of types, and for each type x € X, r,, is its repetition number.

Example: Let X = {sa, 07, 4y, a0 @},
« An unordered arrangement of 7 elements could be S = { s, s, 7, 7, 97, G, U
« The same multiset could be written as S = {2 %, 157,34y, 00, 1 }.
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Subsets

The most important special case of unordered arrangements is where all repetitions are 1, that is, r, = 1
for all z € X. Then S is simply a subset of X, denoted S C X.

Definition 13: A k-combination of X is an unordered arrangement of k distinct elements of X.

Note: The more standard term is subset. The term “combination” is only used to emphasize the
selection process.

The set of all k-subsets of X is denoted (% ) = {4 C X | |A| = k}.If | X| = n, then
n X

Example: The set of edges in a simple undirected graph consists of 2-subsets of its vertices: £ C (‘2/)
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Counting k-Combinations

Theorem 3: For 0 < k < n, we have

|
Proof: |P(n,k)| = LR (n) - k! O
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Four Counting Problems

No repetition With repetition
Ordered (k-perm., sequence) L —nk nk
(n—k)!
Unordered (k-comb., subset) (n) - L (k T 1)
k k! (n—k)! k

+ n is the size of the ground set X.

+ k is the size of the arrangement we want to count.

+ “Ordered” means position matters: (A, B) # (B, A).

+ “Unordered” means only the selection matters: {A, B} = {B, A}.

« “With repetition” means the same element can appear multiple times.

22 /199



Multisets




Multiset

Definition 14: A multiset is a modification of the concept of a set that allows for repetitions of its
elements. Formally, it is denoted as a pair M = (X, r), where X is the groundset (the set of types) and
r: X — Ny is the multiplicity function.

Example: When the multiset is defined by enumeration, it is advisable to use the notation with the star:

M ={a,b,a,a,b}* ={3-a,2-b} X ={a,b} r,=3,1,=2

a

Example: Prime factorization of a natural number n is a multiset, e.g. 120 = 23 .3L.51
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k-Combinations of a Multiset

Definition 15: Let X be a finite set of types, and let M = (X, r) be a finite multiset with repetition
numbers 7y, ..., 7 x|. A k-combination of M is a multiset S = (X, s) with types in X and repetition
numbers sy, ..., 8|y such that s; <r; forall 1 <7 < |X], and Z'f__{‘l s; = k.

Example: Consider M = {28,177, 3@, 1<}
« T = {1%-,2@} is a 3-combination of M.
« TV = {3\ "} is not.

Counting k-combinations of a multiset is not as simple as it might seem...
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k-Permutations of a Multiset

Definition 16: Let M be a finite multiset with set of types X. A k-permutation of M is an ordered
arrangement of k elements of M where different orderings of elements of the same type are not
distinguished. This is an ordered multiset with types in X and repetition numbers s, ..., s x| such that
s; <r;foralll <3< ]X,andzy__qlsi = k.

Note: There might be several elements of the same type compared to a permutation of a set (where each
repetition number equals 1).

Example: Let M = {28,177 ,3@, 1<}, then T = (X, @&, @, §) is a 4-permutation of multiset M.

)
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Binomial Theorem

Theorem 4: The expansion of any non-negative integer power n of the binomial (z + y) is a sum

@y =3 (1) -yt

k=0

where each (}) is a positive integer known as a binomial coefficient, defined as

(n)_ n! n-(n—-1)-(n—2)-...-(n—k+1)
k) k-(n—k)!  k-(k—1)-(k—2)-..-2-1
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Pascal’s Triangle

Row n of Pascal’s trianglelists (), (), ..., (). Each entry is the sum of the two entries above it: () =
n—1 n—1

(hon) + (7).

Key 1dent1t1es @

* Row sum: Z( )—2“(setx=y=1) @ @

00 OXORO

G I= SACACAS
OXORCAORO,
ORO, ® ©

OXONOEORORONE

Symmetry ( )= (%)

« Absorption: n( i %) =

* Vandermonde: Z(TZ
k
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Multinomial Theorem

Theorem 5: The generalization of the binomial theorem:

n
n n k k
(1 +...+z,) = E ( i AR
0<ky,...,k,.<n V12 B
ki+..+k.=n

Multinomial coefficients are defined as

( n ) _ n!
kl""’k’f‘ o kl!'...'k,r!

Note: Binomial coefficients are special cases of multinomial coefficients (r = 2):

(Z) - (k::k:2) - (k,nn— k) - #'—k)'

29
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Multinomial Theorem [2]

Proof: Expand (z; + ... + z,.)" by choosing one term from each of the n factors. A monomial x’fl Cee
zFr with k; + ... + k,. = n is produced whenever we choose x; from exactly k; of the n factors. The
number of ways to assign the n factor-positions to the r variables in groups of sizes k4, ..., k,. is
n _ n!
(kl,..i,kr) = Bk .
Theorem 6: Let S be a finite multiset with £ different types and repetition numbers 74, ..., ;. Let the
size of S be n = r; + ... + r},. Then the number of n-permutations of S equals

( i )
T1y oy Tk

Proof: In an n-permutation there are n positions that need to be assigned a type.

First, choose the r; positions for the first type, there are ( fl) ways to do so. Then, assign r,, positions for
the second type, out of the (n — r,) positions that are still available, there are (n;rl ) ways to do so.
2

Continue for all k£ types. The total number of choices will be:
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Multinomial Theorem [3]

(n) (n—rl) (n—rl—r2—...—rk1)_( n )
T Ty T Tis ey Tk
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k-Combinations of an Infinite Multiset

Example: Suppose you have a sufficiently large amount of each type of fruit ( .+, @, £ ) in the
supermarket, and you want to buy two fruits. How many choices do you have?

There are exactly six combinations: { .+, 2}, { . ,‘},{' , & },{‘,‘},{‘, ‘ o b, 4 }.

Note that your selection is not ordered, so { /», @Y} and {@,  } are considered the same choice.
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k-Combinations of an Infinite Multiset [2]

Theorem 7: Let k, s € N and let S be a multiset with s types and large repetition numbers (each
T1,...,T4 is at least k), then the number of k-combinations of S equals

()=

Proof: Let S = (X,r.) = {oo +, 008,00/ } withr, = coand | X| = s = 3.
« Let k = 5 (as an example). Consider a 5-combination of S: { .., @, .., &, &}
« Reorder and group: { »» .+ | @ | & 4 ).

Convert to dotsand bars: ee|e|ee

+ Represent as a 2-type multiset: M = {k-o,(s—1) |}

+ Observe: each permutation of k dots and (s — 1) bars corresponds uniquely to a k-combination of S.

k+s—1
k,s—1

Permute the 2-type multiset: ( ) ways, by Theorem 5.

This method is also known as Stars and Bars.
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Weak Compositions

Definition 17: A weak composition of a non-negative integer k > 0 into s parts is a solution to the
equation b; + ... + b, = k, where each b; > 0.

Example: Let k = 5, s = 3. Possible non-negative integer solutions for b; + by 4+ b3 = 5 are:
° (blv by, b3) = (17 L, 3)
o (b1, bg,03) = (1,3,1)
¢ (b1,by,03) = (2,0,3)
° (b17 by, b3) = (07 9, 0)
« ... (total 21 solutions)

Note: If M is a multiset over groundset {1, ..., s} with all multiplicities infinite (r, = o), then for k > 0,
the number of sub-multisets of M of size k is exactly the number of weak compositions of k into s parts.
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Counting Weak Compositions

Theorem 8: There are (Tj_‘ll) weak compositions of k > 0 into s parts.

k ones

Proof: Observethatk=1+1+ ... + 1+1.

—_—— T — -

bl bl b

Use the stars-and-bars method to count the number of s groups composed of k “ones”. O

s

Example: Let k = 3. There are (33+§,:11) = (g) = (g) = 10 ways to decompose k = 3 into s = 3 parts:

k=3=
=0+1+2=0+2+1
=1+0+2=14+2+0=1+1+1
=24+04+1=2+1+4+0
=3+0+0=0+3+0=0+0+3
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Compositions

Definition 18: A composition of a positive integer k > 1 into s positive parts is a solution to the
equation b; + ... + b, = k, where each b, > 0.

k—1

Theorem 9: There are (371

) compositions of k > 0 into s positive parts.

Proof: Line up £ ones in a row. A composition b; + ... + b, = k with each b; > 1 corresponds to choosing
s — 1 of the k — 1 gaps between consecutive ones as dividers. There are (]:j) such choices. O
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Compositions [2]

Theorem 10: The total number of compositions of £ > 0 into some number of positive parts is

Proof: Substituting j = s — 1:

i(f::i) :§<k;l) — (14 1)kt = k1

s=1 7=0

by the Binomial Theorem applied to (1 + 1)¥~1, O
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Parallel Summation Identity

Q: How many integer solutions are there to the inequality b; + ... + b, < k, where each b, > 0?

k
m+s—1 k+s
Theorem 11: ( ) = ( >
n’LZ:O m k

Proof (hint): Introduce a “dummy” variable b, ; to take up the slack between b, 4 ... + b, and k.
Construct a bijection with the solutions to b; + ... + b, + b, ; = k, where b, > 0. O
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Set Partitions

Definition 19: A partition of a set X is a set of non-empty subsets of X such that every element of X
belongs to exactly one of these subsets.

Equivalently, a family of sets P is a partition of X iff:

1. The family P does not contain the empty set: @ ¢ P.

2. The union of P is X, that is, UAGP A = X. The sets in P are said to cover X.

3. The intersection of any two distinct sets in P is empty: VA, B € P.(A+ B) —» (AN B = Q).
The sets in P are said to be pairwise disjoint or mutually exclusive.

The sets in P are called blocks, parts, or cells, of the partition.

The block in P containing an element z € X is denoted by [z].
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Examples of Set Partitions

Example: The empty set X = @ has exactly one partition, P = @.
Example: Any singleton set X = {z} has exactly one partition, P = {{z}}.

Example: For any non-empty proper subset A C U, the set A and its complement form a partition of U,

namely P = {A, U — A}
Example: The set X = {1, 2, 3} has five partitions:

{15 {2}, {3}}or1[2]3
{{1},{2,3}}or1 |23
C{{1,2}, {3} or12 3
C{{1,3}, {2}  or13 2
C{{1,2,3}}or123

-y

U1 = W

Example: The following are not partitions of {1, 2, 3}:

« {{},{1,3},{2}}, because it contains the empty set.

« {{1,2},{2,3}}, because the element 2 is contained in more than one block.
« {{1}, {3}}, because no block contains the element 3.
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Counting Set Partitions

Definition 20: The number of partitions of a set X (of size n = | X|) into k£ non-empty blocks

(“unlabeled subsets”) is called a Stirling number of the second kind and denoted S(n, k) or {Z}

Example: Let X = {1,2, 3,4}, k = 2. There are 7 possible partitions:

]2) (af2) A2y (A]2) (af2) [afz2) A2
Bl4) (3]4) Bl4) B4 8|4 (3]4) 3]4)
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Counting Set Partitions [2]

Theorem 12: Let {g} =0 forn > 1, {Z} =0fork > 1, and {8} = 1. Forn,k > 1, we have:

n n—1 n—1
=t )
Proof (informal): Consider the element n in any partition of [n] into & blocks.

There are exactly two cases:

1. {n} forms a singleton block on its own.
The remaining n — 1 elements are partitioned into £ — 1 non-empty blocks: {Zj} ways.

2. n joins an existing block of a partition of [n — 1].
Start with any partition of [n — 1] into k blocks ({ngl} ways),

then insert n into one of the k blocks: k - {ngl ways.

These two cases are exhaustive and disjoint.

O
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Bell Numbers

Definition 21: The total number of partitions of a set X of size n = | X| (into an arbitrary number of
non-empty blocks) is called a Bell number and denoted B,,.

-5

k=0

Note: Consider the special case of n = 0. There is exactly one partition of @ into non-empty parts:
Q= UAe@ A € @.Every A € @ is non-empty, since no such A exists. Thus, we have B, = 5(0,0) = 1.
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Bell Numbers [2]

Theorem 13: For n > 1, we have the recursive identity for Bell numbers:
n—1 n—1
B, = Z( ) )Bk
k=0
Proof: Every partition of [n] has one part that contains the number n. In addition to n, this part also

contains k other numbers (for some 0 < k < n — 1). The remaining n — 1 — k elements are partitioned
arbitrarily. From this correspondence, we obtain the desired identity:

n—1 n— n—
n—1 n—1 n—1
BTLZZ( k )B’n—l—k: <n_1_k)Bn—1—k: — ( k )Bk

k=0
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Integer Partitions

The integer 4 can be written as a sum of positive integers in exactly 5 ways: 4 =34+1=24+2=2+1+
1=141+1+4 1. Order does not matter: 3 + 1 and 1 + 3 are the same partition.

Definition 22: An integer partition of a positive integer n > 1 into k positive parts is a solution to the
equationn = a; + ... + ay, where a2 a9 2> ... 20, > 1.

The number of partitions into exactly k parts is pj (n), defined recursively:

0 ifk>n
(n) = 0 ifn>1land k=0
Pl =193 ifn="k=0

pr(n—Fk)+pi(n—1)if1<k<n

The partition function p(n) = ZZ:O Py (n) counts all partitions of n.
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Ferrers Diagrams and Young Tableaux

Example: Consider an integer partition: 14 =6 + 4 + 3 + 1.

Ferrer Diagram Young Tableaux

0O 00O0O0O0 [ ]
©00O0
00O
o

Norman Ferrer  Alfred Young
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Inclusion-Exclusion

“There are very few things which we know, which are not capable
of being reduced to a mathematical reasoning.”

— Abraham de Moivre, The Doctrine of Chances (1718)



Motivating Example

Example: How many integers in {1, ..., 100} are divisible by 2 or by 3?
« Let A= {k €[100] | 2| k}, so |A| = 50.

« Let B={k € [100] | 3 | k}, so |B| = 33.

« Their intersection AN B = {k € [100] | 6 | k} has |AN B| = 16.

By inclusion—exclusion:
|JAUB| = |A|+|B|—|ANB| =50+ 33 —16 = 67

Generalizing this to an arbitrary number of sets gives the full PIE theorem.

51
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Principle of Inclusion-Exclusion (PIE)

Theorem 14: Let X be a finite set and P, ..., P,, properties.
+ Define X; = {z € X |z has P}, ie. the set of all elements from X having a property F,.
+ Define for S C [m] the set N(S) = {z € X | Vi € S :z has P, }. Observe: N(S) = ﬂieS X;.

The number of elements of X that satisfy none of the properties P, ..., P, is given by

X\ (XU UX,) = > (—DIEIN(S) (1)

SCm|

Proof: Consider any z € X.If z € X has none of the properties, then x € N(®) and = ¢ N(S) for any
other S # @. Hence = contributes 1 to the sum (1) .

If x € X has exactly k > 1 of the properties, call this set T' € ([7,?]). Thenz € N(S)iff S C T.

The contribution of x to the sum (1) is ZSCT (=) = Zfzo(’f)(—l)i =0, ie. zero. O
Note: In the last step, we used that for any y € R we have (1 —y)* = Zf:o (*)(—y)" which implies
(fory = 1) that 0 = Zf:()(':)(—l)i.
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Counting the Union

Corollary 14.1:

U x

i€[m]

= 3 ()EN )

@#SC[m]
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Applications of PIE

Vs

Step 1: Define “bad” properties

Identify elements of a universe X to exclude: those having at least one of properties P, ..., P,

m:*

Target: count X \ (X; U...UX,)).

Step 2: Count N (S)

For each S C [m)], determine N (S) — number of elements of X having all bad properties P, for i € S.

Step 3: Apply PIE

Use Theorem 14 to compute a closed formula:

X\ (XU UX,) = ) (—D)FIN(S)

SC[m)|
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Counting Surjections via PIE

Theorem 15: The number of surjections from [k] to [n] is given by

{70 2 | =3 (D) o

=0

Proof: Let X be the set of all maps from [k] to [n].
1. Define bad properties: Define the “bad” property P, for i € [n] as “i is not in the image of f”, i.e
f i [k] = [n] has property P, <= Vje[k]: f(j)#1i
The surjective functions are exactly those functions that do not have any of the “bad” properties.

2. Count N(S): We claim N(S) = (n — |S|)* for any S C [n]. To see this, observe that f has all properties
with indices from S if and only if f(i) ¢ S for all ¢ € [k]. In other words, f must be a function
from [k] to [n] \ S, and there are (n — |S|)* of those.
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Counting Surjections via PIE [2]

3. Apply PIE: Using Theorem 14, the number of surjections from [k] to [n] is

X\ (X, UL UX)E S (1))

SC[n]

= 3 (DS |s)*
SC[n]

= V()i
=0

In the last step, we used that (—1)/(n — [S|)* only depends on the size of S, and there are (") sets
S C [n] of size i.
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Useful Corollaries

Corollary 15.1: Consider the case n = k. A function from [n] to [n] is a surjection iff it is a bijection.

Since there are n! bijections on [n] (namely, all permutations), we have the following identity:

n

nl = Z(—l)i(?)(n—i)"

=0

Corollary 15.2: A surjection from [k] to [n] can be seen as a partition of [k] into n non-empty
distinguishable (labeled) parts (the map assigns a part to each i € [k]).

Since the partition of [k] into n non-empty indistinguishable parts is denoted s (k), and there are n!
ways to assign labels to n parts, we obtain that the number of surjections is equal to n!sZ(k):

sty = 3 (") (n )"

=0
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Derangements

Theorem 16: The derangements D,, on n elements are permutations of [n] without fixed points.

The number of derangements is given by

n

n )
Dl =Y (1) () (-t
=0
Proof: Let X be the set of all permutations of [n].
1. Define the “bad” property F, to mean “r has a fixpoint i” (i € [n]):
m € X has property P, < 7(i) =1
2. We claim N(S) = (n — |S|)! for any S C [n].

Indeed, 7 € X has all properties with indices from S if and only if'all ¢ € S are fixed points of 7. On the
other elements, i.e. on [n] \ S, 7 may be an arbitrary bijection, so there are (n — |S|)! choices for 7.
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Derangements [2]

3. Using Theorem 14, the number of derangements is given by

X\ (X, U UX)E Y (-DISN ()]

SCln]

= > (~)SIn—|S))!
SC[n]

= —1)¢ n n—1)!
> ()=

In the last step, we used that (—1)/(n — |S|)! only depends on the size of S, and there are (") sets
S C [n] of size i.
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Derangements [3]

7

As n — oo, the probability that no guest gets their own hat back converges to

AN
B TP =l g = R

This probability barely changes for n > 5.

\.

Hat-check problem: n guests check their hats; the attendant loses the tickets.
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Generating Functions

“A generating function is a clothesline on which
we hang up a sequence of numbers for display.”

— Herbert Wilf, generatingfunctionology



Generating Functions

A generating function is a device somewhat similar to a bag. Instead of carrying many little objects
detachedly, which could be embarrassing, we put them all in a bag, and then we have only one object to
carry, the bag.

— George Polya, Mathematics and Plausible Reasoning [1]

Encode a sequence (a,,) as coefficients of a formal power series G(x) = ZZOZ 0 OnZ"

Then manipulate G(z) algebraically (multiply, differentiate, compose) to derive counting identities
and closed forms.
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Counting with Polynomials

Problem. Two fair dice. How many outcomes give sum n?

Encode one die as a polynomial: the term z* stands for “rolling k is possible.”
D(z)=x+ 2%+ 23+ 2%+ 2° + 28
Two independent dice — multiply:
D(x)? = 22 + 22 + 3x* + 42° + 52°% + 627 + 528 + 42° + 3210 + 22! 4 12
The coefficient of " gives the count for sum n. For sum 7: [z7] D(z)? = 6. /

One multiplication solves the problem for every n simultaneously.

This polynomial is a generating function — now let’s understand what they are and why this works.
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Ordinary Generating Functions

Definition 23: An ordinary generating function (OGF) of a sequence a,, is a power series

Example: The sequence a,, = (ag,ay, as, -..) is generated by the OGF G(z) = ag + a1z + asx? + ...
Example: G(x) = 3+ 8z + 23 + %x‘r’ + 10025 + ... generates the sequence (3, 0,8,1,0, %, 100, 0, )
Example: Consider a long division of 1 by (1 — z), the result is an infinite power series

1
1—=x

:1+m1+x2+x3+...22x"
n=0

Note that all coefficients are 1. Thus, the generating function of (1,1,1,...) is G(z) = 3.7 2" = 1

n=0

64

199



The Core Generating Function

Another proof that (1,1,1,...) is generated by G(z) = 1+ z+z? + 2+ ... = 3> 2" =L =G

S = 14zx+22+23+...

z-S = r+ax2+x3+ ...
S—z-5 =1
1
Thus, S = .
1—=x

The generating function G(z) = 1 + z + z? + ... is also known as the Maclaurin series of .
—x
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More Examples of Generating Functions

Formula Power series Sequence Description
1 o0
: Zx"=1+w+x2+x3+... (1,1,1,...) constant 1
— % p=0
2 o0
: ZQQE” =242z + 222 + 223 + ... (2,2,2,...) constant 2
— % p=0
T o0
n __ 2 3 . .
T nz::ll‘ =0+z+z*+z°+ .. (0,1,1,1,...) right shift
1 o0
52 Z (-2 =0+1—z+2%—2%+ .. (1,—1,1,...) sign-alternating 1's
n=0
1 o0
3 23"1‘” =143z + 922 + 2723 + ... (1,3,9,...)  powers of 3
— 3

3
Il
=
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More Examples of Generating Functions [2]

Formula Power series Sequence Description
! > a2 =14 a? 4t 4 a4
1—22 zo = T+ X+ T T (1,0,1,0,...) regular gaps
1 o0
— 2 3
1—2)2 Z: n+1)z" =1+ 2z + 3z° +4z° + ... (1,2,3,4,...) natural numbers
1 _wn+1 1 xn+1
-2 1-z 1-z
=(1,1,1,...) — (0,0,...,0,1,1,...) =
N — e’
n+1 zeros
= ( 1’ 1, A} 1 ’07 07 "’) -
N —  —
n+1 ones

2l4z+22+. +2"
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Exercises
Example: Find the GF for odd numbers: (1,3,5,7, ...).
Hint: write A(z) = 1+ 3z + 522 + 723 + ..., then compute x - A(x) and subtract from A(z).

What familiar series do you see in the result?
Example: Find the GF for (1, 3,7,15, 31,63, ...), which satisfies a,, = 3a,,_; — 2a,,_5 witha; =1, a; = 3.

Hint: write A(x), —3xA(z), and +2x2? A(z) stacked and add them column by column.

Most terms cancel because of the recurrence. What remains?
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Solutions

Example: Odd numbers. Let A(z) = 1+ 3z + 522 + 723 + ...

Alz) = 1 + 3z + b5x2 + Tx3 + 9z* + ...
z-Alx) = + z + 322 + 5x3 + Tzt + ..

A—z- A =14+ 2z + 222 + 223 + 224 + ...

The result is 1 —|—2(:E—i—a:2 + 23+ L)=1+2- =, 50

_1+2-L_1—x+2x 14z

11—z

Alw) =—— 1—2)? (1—2)

1+z

Check: =2 = (

1,1,1,..) +(0,2,4,6,8,...) = (1,3,5,7,9,...) /
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Solutions [2]

Example: Recurrence sequence. Stack A, —3z - A, +2x2 - A and add:

() =1+ 3z + 722 + 1523 + 3lz* + ..
() = — 3z — 922 — 2123 — 45z* — ..
222 - A(x) = 222 + 623 + 18z% + ...
(z) =1

Every column beyond z° vanishes because a,, — 3a,,_; + 2a,,_5 = 0 by the recurrence.
1

Thus, A(2) = 7= =52
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Solving Combinatorial Problems via Generating Functions

Example: Find the number of integer solutions to y; + ¥, + y3 = 12 with 0 < y, < 6.
+ Possible values for y; are 0 < y; < 6.
» There is a single way to select y; = 0. The same for other values among 1, ..., 6.
» There are no ways to select any value of y; higher than 6.
» The number of ways to select y, to be equal ton forms a sequence (1,1,1,1,1,1,1,0,...).
» Write this sequence as a polynomial z° + 2! + ... + 2°.
» Do the same for y, and y5 (in isolation!).
« Since all combinations of y,, ¥, and y; are valid non-conflicting solutions, we can multiply those
polynomials and obtain the generating function G(z) = (1 + z + z? + ... + :I:6)3.

» For each n, the coefficient of ™ in G(x) is the number of integer solutions to y; + ¥y + Y3 = n.

» In particular, we are interested in the coefficient of z'? in G(z), denoted [z'?]G(z).

» Use penand-paper Wolfram Alpha to expand G(z):
G(z) =28 + 32V + 6216 + ... + 28212 + ...+ 622 + 3z + 1

« The answer is [£'?]G(z) = 28 solutions.
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https://www.wolframalpha.com/input?i=expand+%281%2Bx%2Bx%5E2%2Bx%5E3%2Bx%5E4%2Bx%5E5%2Bx%5E6%29%5E3

Slightly More Complex Combinatorial Problem

Example: Suppose we have marbles of three different colors (@, @, @), and we want to count the
number of ways to select 20 marbles, such that:

* There are an even number of @: 1 + z2 + 2* + ... + 220.
* There are at least 12 @: 22 4+ 213 + ... + 220,
* There are at most 5 @: 1 + z + 22 + 23 + 2* + 5.

Multiply polynomials and find [22°]G(z):
[22)(14+ 22 +2* + ...+ 220) (2 + 2B + .+ 22 (1 +z+ 22+ 22 + 2t +2°) =
= [22] (2 4 224 + .+ 212%0 + .+ 2273 4 212)
=21
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Using Power Series in Combinatorial Problems

Example: Find the number of integer solutions to a; + a5 + a3 = 12 witha; > 2,3 <a, <6,0<az <9.

Compose the generating function:
Glz)=(z>+23+..) (23 +2r +25+2%)  (L+z+22+.. +29)

Substitute the power series with the corresponding simple forms:

Gl = (mZ- 1 im) . <$3. 11_—f:> . (11__3:;0)

Expand the series:

G(x) = 2° + 325 + 627 + 102® + 142° + 18210 + 2211 + 26212 + 3023 +
34z + 37215 4 39216 4 402'7 + ... + 402" + ...
Sequence: (g,,) = (0,0,0,0,0,1,3,6,10, 14, 18,22, 26, 30, 34, 37, 39, 40, ....)

Answer for n = 12 is [z'?]G(z) = 26.
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Operations on Generating Functions

Let F(z) = 32> a,z" and G(z) = > > o bn@" be ordinary generating functions.

n=0 "1

All operations are performed term-wise on the power series.

Operation Result
Differentiate F'(x) term-wise F'(z) = Z(n +1)a, 2"
n=0

Multiply F'(z) by a scalar A € R term-wise

Add F(z) and G(z) term-wise

Multiply F(z) and G(z) term-wise
(Cauchy product, or convolution)
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Catalan Numbers via Generating Functions

So far, we composed generating functions from known polynomials and read off coefficients.

Now we turn the idea around:

1. Start from a recursive counting argument.
2. Derive a functional equation for F(x).

3. Solve it.

This requires a heavier tool — Newton’s binomial theorem — but the payoff is one of the most famous

sequences in combinatorics.

Historical note: Eugéne Catalan (1814-1894) studied these numbers in the context of polygon
triangulation. They appear in dozens of seemingly unrelated counting problems — a phenomenon that

generating functions help explain.
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Well-Formed Parenthesis Expressions

Example: Find the number of well-formed parenthesis expressions with n pairs of parenthesis.
For example, “(() ()) ()” is a well-formed parenthesis expression with 4 pairs of parenthesis.

Formally, a permutation of the multiset {n - "(",n - ")"} is well-formed if reading it from left to right and
counting “+1” for every opening parenthesis “(“ and “—1” for every closing parenthesis “)” never yields a

negative number at any time.

Every well-formed expression with n > 1 pairs of paranthesis starts with “(“ and there is a unique
matching “)” such that the sequence in between and the sequence after are well-formed. For example:

(0)O0 (0m) (W)

In other words, a well-formed expression with n pairs of parenthesis is obtained by putting a well-formed
expression with k pairs in between “(“ and “)” and then appending a well-formed expression with
n — k — 1 pairs of parenthesis. This gives the equation:

an, = A Qpn—k—1
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Well-Formed Parenthesis Expressions [2]

Let F'(z) be a generating function for a,,, then we know:

o) oo [n—1 o) n
= Zanaz” =1+ Z Zakan,k,l = akan g |zt
n=0 n=1 \ k=0 n=0
= 1+x-z<2akank>xn =1+z F(z)?
n=0 \ k=0

Solving the equation zF? — F 4+ 1 = 0 for F gives:

1+vV1—4x

2z

M

F(z) =

We are only interested in the root with the minus sign, since lim__,, F'(z) = a, = 1:

. o 1—V1—dx 134:3
lim F(z) = lim ——— = lim
z—0 z—0 2z z—0 2
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Newton’s Binomial Theorem

To extract the coefficients of F(z) = 1= —%5—", we need to expand v/1 — 4z as a power series.
This requires extending the binomial theorem to real exponents.
Let’s revisit the binomial theorem:

(et =S wnen

k=0 k=0

M:

(1+4+z)"

where (}) = 0 for k > n.

Note: This shows that (1 + )" is the generating function for the series (a;,),  with a; = (7).

[ We can extend this result from natural numbers n € N to any real number n € R. }
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Binomial Coefficients for Real Numbers

Definition 24: Let p(n, k) =n-(n—1)-...- (n — k + 1), also called the falling factorial n.

Extend the definition of binomial coefficients for real numbers n, k € R:

(n) _ p(n, k)
k k!
Note: This definition aligns with the definition of binomial coefficients for natural numbers:
(n)_ n! n-(n—1)-..-(n—k+1)
k) kl'-(n—k)! k!

Example: Consider the number “—7/2 choose 5”:

(-7/2) _ —7/2--9/2-—11/2--13/2.—15/2 _ 9009

5 5! 556 = o0

Note: p(n,0) =1 and for k > 1, we have p(n, k) = (n—k+1) -p(n,k—1)=n-p(n—1,k—1).

(%)
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Extended Newton’s Binomial Theorem

Theorem 17: For all non-zero n € R, we have:

1+ar =3 (")

k=0

Example: Let n = 1/2, then we have an identity for v/1 + x:

\/u—x:i(f)x

To actually use this fact, we need some lemma...

Lemma 18: For any integer n > 1, we have:

(17/3) _ (1 (2:_—12) '

1
2271,71

1
n
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Extended Newton’s Binomial Theorem [2]

Proof: By induction on n.

:n = 1. 1/2 1/2 1 1 2—-2 1 1
Base:n =1 </):L:_:1.1._.1:(_1)2.( )._._
1 1! 2 1-1 22-1 1

1 1 1 hf

2
Induction step: n to n + 1 for n > 1. We use the recusion (%) p(n,k) =n-p(n — 1,k —1):

( 1/2 ) Cp(1/2,n+1)  (1/2—(n+1)+1)-p(1/2,n) __n—1/2(1/2)

n + n+1)! n+ - n! n+ n
1 1)! 1 ! 1
g_n—1/2(_1)n+1‘<2n—2>' 1 l
n+1 n—1 22n—1 n
_ 2n 2n—1 ( 1>n+2 <2n—2> 1 1
" 2n n n—1 22n=1 n 41
_ (12 (2n—2)!-(2n—1) - (2n) 1 1

m—1)-(n—1)-n-n 2241 p11

()
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Catalan Numbers

Proposition 19: Now we can expand v/1 + n into the following series:
= (1/2 1 1
e S P o () o g b

Example: Going back to the example with the number of well-formed paranthesis expressions, we get:

1-vVli—dz 1 = <2n—
2z _an

S YTV oot

The numbers C,, := <2n)

F(z) = n—1

are called Catalan numbers.

n/n+1
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Catalan Numbers [2]

Catalan numbers C, = n+r1 (™) count many combinatorial structures:
» well-formed parenthesis strings of length 2n,

« full binary trees with n 4 1 leaves,

« triangulations of a convex (n + 2)-gon,

« monotone lattice paths from (0, 0) to (n,n) not crossing the diagonal.

CO = ]., Cl = 1, 02 S 2, C3 = 5, C4 = ].4, C5 = 42,
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Recurrence Relations

“A certain man placed one pair of rabbits in a place enclosed on all sides by a
wall. How many pairs of rabbits can be produced from that pair in one year?”

— Leonardo Fibonacci, Liber Abaci (1202)



Recurrence Relations

A recurrence relation defines a sequence by expressing each term via its predecessors.

Solving one means finding a closed-form formula that avoids recursion.
Example: Arithmetic progression as a recurrence:

0 — ay = const if n =0
"\, +d ifn>0

Solution by telescoping: a,, = ay + n - d.
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Recursive Structure

Many combinatorial objects have recursive structure: a large instance decomposes into smaller instances of
the same type.

A recurrence is a formula that captures this decomposition.
Example: How many binary strings of length n contain no two consecutive 1s? Let B(n) denote the count.

Look at the last bit of a valid string of length n:

« Ends in 0: the first n — 1 bits can be any valid string, that gives B(n — 1) options.

+ Ends in 1: then the bit before it must be 0, so the first n — 2 bits can be any valid string, giving B(n — 2)
options.

Therefore B(n) = B(n — 1) + B(n — 2), with B(1) = 2 and B(2) = 3.

This is the Fibonacci recurrence with shifted initial conditions.
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Telescoping

Before reaching for characteristic equations, try the simplest approach: unwind the recurrence.

Example: Solve T'(n) = T(n — 1) + n with T'(0) = 0.

Unwind by substitution:

—T(0)+142+4..+n
n(n+1)
2

Theorem 20: If a,, = a,,_; + f(n), thena, = ay + 27:1 f (i) (telescoping sum).
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Tower of Hanoi

Move n disks from peg A to peg C, one at a time, never placing a larger disk on a

(@) smaller one.
( = ) B C Strategy: move the top n — 1 disks to peg B, move the largest disk to peg C, then

move the n — 1 disks from B to C.
Example: Let T'(n) be the minimum number of moves. Recurrence: T'(n) = 2T(n — 1) + 1, with T'(1) = 1.
Unwind:
T(n)=2T(n—1)+1
=22T(n—2)+1)+1=4T(n—2)+3
=8T(n—3)+7
=2"T(n—k)+ (28 —1)

Setting k =n — 1: T(n) = 2" 1T(1) 4+ 271 —1 =27 — 1.
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Linear Homogeneous Recurrence Relations

Definition 25: A linear homogeneous recurrence relation of degree k with constant coefficients is a
recurrence relation of the form

a, =C0, 1+Ca, o+ ..+ ca, .,

where ¢, ¢y, ..., ¢}, are constants (real or complex numbers), and ¢;, # 0.

Examples:

+ b, =2.71b,,_, is a linear homogeneous recurrence relation of degree 1.

- F, =F, |+ F,_ ,is alinear homogeneous recurrence relation of degree 2.
« The recurrence relation a,, = a,,_; + a_, is not linear.

» The recurrence relation H, = 2H,,_; + 1 is not homogeneous.
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Characteristic Equations

Fix a linear homogeneous recurrence of degree k:
Ap = C1Qp_q + Colp_2 +..t Crn—k (*)

If we try a solution of the form a,, = r™ (with r # 0), substituting into (x) and dividing by r"~* yields:

Definition 26: The characteristic equation of (x) is:

rk—crbl —crb 2 — .. —¢, =0

n

Its solutions r, 7y, ... are the characteristic roots of the recurrence. Each root yields a solution a,, = r".

n — T3 .
Why guess " ? Plug a,, = r™ into the recurrence:
=" ey 2 L 4R

Divide by "% (assuming  # 0) and you get exactly the characteristic equation. So 7™ is a solution
precisely when r is a root, and by linearity any linear combination of such solutions works too.
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Distinct Roots Case

Theorem 21: Let ¢; and ¢, be real numbers. Suppose that 72 — ¢;7 — ¢, = 0 has two distinct roots
r, and 7,. Then the sequence (a,,) is a solution of the recurrence relation a,, = ¢ya,,_; + cya,,_, if and
onlyifa, = a7 + ayry forn =0,1,2, ..., where o; and o, are constants.

Proof: We prove both directions.
(=) Suppose a,, = a; T + a,ry. We verify it satisfies a,, = ¢;a,,_; + cya,, . Since r; is a root of 72 —

c;m — ¢y = 0, we have r? = ¢;r; + c,. Multiply both sides by r 2 to get r?" = ¢;r? ! + cyr? 2. This

S

holds for ¢ = 1 and ¢ = 2 separately, so taking a linear combination preserves equality:
— n—1 n—1 n—2 n—2
€18y 1+ €0y 5 = ey (7T + agryTh) + e (ay T + apryT?)
— n—1 n—2 n—1 n—2
= oy (77! + et T?) Fag ey T+ epry )

— n n __
=QqT] + 0Ty = a,,.
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Distinct Roots Case [2]

(<) Suppose a,, satisfies the recurrence. We show a,, must be of the form a;77 + a,r5.
The recurrence and initial conditions a, a; determine the entire sequence: each a,, is computed from a,, ;
and a,,_,. So it suffices to find o, a5 such that ;77 + a,ry matches the two initial values:

al + 0[2 = GO
T+ Ty = ay

This is a 2 X 2 linear system with determinant r, — r,. Since r; # r,, the determinant is nonzero, so a
unique solution (aq, ay) exists. The sequence o777 + @47y matches the initial conditions and satisfies the

recurrence (by the first direction), so it equals a,, by uniqueness. O
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Worked Example

Example: Solve a,, = a,,_; + 2a,,_, withay =2anda; = 7.

« The characteristic equation is 7> — r — 2 = 0.
« It has two distinct roots r; = 2 and ry = —1.
+ The sequence (a,,) is a solution iff a,, = a7} + a7y forn =0,1,2, ... and some constants o and a.

aO - 2 = al + az
a,=T=0a; 24+ a,-(—1)
+ Solving these two equations gives a; = 3 and oy = —1.
« Hence, the solution to the recurrence equation with given initial conditions is the sequence (a,,) with

a, =3 2" — (—1)
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Fibonacci Numbers

Example: The recurrence F, = F,,_; + F,,_, has characteristic equation 72 — r — 1 = 0 with roots:

145 1- V5
o= +2\/_m1.618, b= 2\/_

~ —0.618.

The general solution is F), = a;¢™ + a,9™ for constants o, a.
Using initial conditions Fy = 0 and F} = 1:

o) +ay=0
ap+ay =1
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Binet’s Formula

Solving for oy, a, yields a; = 1/+/5 and ay, = —1/+/5, giving Binet’s formula:

" —P"
F=X T
" V5

Since [1)| ~ 0.618 < 1, the term 1™ — 0, so F,, is the nearest integer to ™ //5.
In particular, F;, , /F,, = ¢ asn — oo.

n 1 2 3 4 5 6 7 8

F 1 1 2 3 5 8 13 21

n

E,../E, 1000 2000 1500 1667 1600 1625 1615 1.619
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Eigenvalues and the Companion Matrix

Definition 27: Let A be an m x m matrix. A scalar A is an eigenvalue of A if there exists a nonzero

vector ¥ (called an eigenvector) such that
AV = MU

The eigenvalues are the roots of the characteristic polynomial p(A) = det(A — ).

. - T
Why does this matter for recurrences? Define the state vector ¥, = (a,,,a,_1,-.,a,_j.1) - Then the
recurrence a,, = ¢{Q,,_; + ... + ¢,a,,_; is equivalent to ¥,, = Cv,,_,, where C is the companion matrix:

€1 C C3 Ck
1 0 O 0
0

96 /199



Eigenvalues and the Companion Matrix [2]

Iterating gives v,, = C"¥, so computing a,, reduces to matrix exponentiation. The characteristic
polynomial of C' is exactly p(A) = \F — ¢, \F71 — .. — ¢, ie.
the same characteristic equation we solve for the recurrence.
—9.0= (& ¢ — )2
For k= 2:C = (11 02), and det(C — A\I) = X% — e, A — ¢,

Example: Fibonacci: C = G é) eigenvalues (, 1. Diagonalizing C = PDP~! yields C* = PD"P1,

recovering Binet’s formula. Matrix exponentiation computes F,, in O(log n) multiplications (binary
exponentiation), vs. O(n) for naive iteration.
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Single (Repeated) Root Case

Theorem 22: Let c; and c, be real numbers. Suppose that 72 — ¢;7 — ¢, = 0 has a single (repeated)
root 7. A sequence (a,,) is a solution of the recurrence relation a,, = ¢ya,,_; + cya,,_5 if and only if
a, = (ag + agn) rf forn =0,1,2, ..., where o; and o, are constants.

Why nr{?: When the root is repeated, r{ alone only provides one linearly independent solution. The
second solution nr{ arises by taking the derivative of ™ with respect to r and then evaluating at r = 7:

d d
dr dr

n

(r") = nrnt (r")-r=nr

This is analogous to the resonance term te** in differential equations.
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Single (Repeated) Root Case [2]

Example: Solve a,, = 6a,,_; —9a,,_, with ay = 1 and a; = 6.

The characteristic equation is 72 — 6r + 9 = 0 with a single (repeated) root r, = 3.

Hence, the solution is of the form a,, = (a; + ayn) 3™.
{a1:6:(a1+a2)-3 - {0‘221

Thus, the solution is a,, = (1 4+ n) 3™.
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General Case

Theorem 23: Let ¢y, ..., ¢, be real numbers. Suppose that the recurrence a,, = c¢;a,,_; + ... + ¢ a,,_}
has ¢ distinct characteristic roots ry, ..., 7, with multiplicities m, ..., m,, respectively, so that m; > 1
fori =1,..,tandm; + ... + m, = k.

Then the general solution of the recurrence relation is given by

t m;—1
_ n J
a, = E T, Q; N

are constants for 1 < ¢ <tand0<j<m, — 1.

where o ;

Example: Find generic solution for a,, = 7a,,_; — 16a,_, + 12a,,_5.

The characteristic equation > — 7r2 + 16r — 12 = 0 has t = 2 distinct roots: 7; = 2 repeated m; = 2
times, and ry = 3 with multiplicity m, = 1. Hence, the solution is of the form

an = (O[l’o + alyln) 2TL + 012’0 3”
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Complex Roots

When the characteristic equation has complex roots, they come in conjugate pairs pe**® (for recurrences

with real coefficients).

Definition 28: For conjugate roots pe*®, the real general solution is:
a,, = p"(acos(nb) + Bsin(nb))

This follows from Euler’s formula: p"e?™ = p™(cos(nf) + isin(nf)).

Complex roots produce oscillating exponential behavior: magnitude p™ grows (or decays), while
cos(nf) and sin(n#) produce periodic oscillation with period 27 /6.
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Complex Roots Example

Example: Solve a,, = 2a,,_; —2a,,_5 withay =1landa; = 1.

Characteristic equation r2 —2r+2=0,rootsr =1 +i.
Polar form: 1 4+ ¢ = \/56””, sop= V2 and § = /4.
General solution: a,, = (\/i)n(a cos(nm/4) 4+ Bsin(nm/4)).
Initial conditions: ay =1 = a=1anda; =1 — 5 =0.

Therefore a,, = (ﬁ)n cos(nm/4).
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Root Types Summary

For a,, = c,a,,_; + cya,,_,, the solution method is always the same four steps. Only the form depends on

the roots.

Step Distinct Real Repeated Complex

1. Char.eq. 7> —c¢;r—cy =0 12 —¢c;r—cy =0 2 —cir—cy =0
2. Roots Ty F Ty 7 (multiplicity 2) pexit

3. Form a T 4 asrh (aq + agn)ry  p™(acosnb + Ssinnb)
4. FitICs 2 equations 2 equations 2 equations
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Recurrences and Differential Equations

Linear recurrences are discrete analogues of linear differential equations. The entire theory mirrors the

continuous case.

Aspect Differential Equation Recurrence

1st order Yy = cy — ypect a, = ca,_, — ayc”
2nd order v +py +qy=0 a, +pa, 1 +qa, ,=0
Char. eq. N 4Epl+qg=0 r2+pr+q=0

Double root

Particular sol.

Resonance

(Cl + C2t>e>\t
Undetermined coefficients

te*t factors

(y +agn)ry
Same method

nry factors
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Solving Linear Recurrences

Step Homogeneous Non-homogeneous

1. Classify No F(n) term? Has F'(n) term?

2. Char. eq. rkF —crbt — .. —¢, =0  Same (ignore F(n))

3. Roots Distinct / repeated / complex Same

4. Homog. sol. a{™ from root type Same

5. Partic. sol.  — Guess form matching F'(n)
6. General a, = a® a, = al +a

7. FitICs Solve linear system Solve linear system

Particular solution cheat sheet:

+ F(n) = polynomial of degree d = try ¢y + ¢;n + ... + ¢ 4n

« F(n) =c-r", r notaroot = try fr"

d
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Solving Linear Recurrences [2]

[ « F(n) =c-r", risaroot (mult. m) = try fn""r" (resonance) }
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Linear Non-Homogeneous Recurrence Relations

Definition 29: A linear non-homogeneous recurrence relation of degree k with constant coefficients is a
recurrence relation of the form

A = C10p_1 + Coly g+ oo + Cply_f + F(”)?
where ¢, ¢y, ..., ¢}, are constants and F'(n) # 0 is a function of n (the forcing term).
The associated homogeneous recurrence is the relation with F'(n) removed:

an, = €10y + Colp_o +...+ CrQn—k

Example:

* a, = 3a,_4 + 2n — non-homogeneous, F'(n) = 2n (polynomial).
* a, = 2a,_; + 3" — non-homogeneous, F'(n) = 3" (exponential).
« H,=2H, ; +1—non-homogeneous, F'(n) = 1 (constant).
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Solving Non-Homogeneous Recurrence Relations

Theorem 24: If (a%’)) is a particular solution of the non-homogeneous recurrence a,, = c¢;a,,_; +
<. 4 ca,,_x + F(n), then every solution is of the form a,, = a® + oM, where a{) is a solution of the
associated homogeneous recurrence.

The recipe:

1. Solve the homogeneous part.

2. Find a particular solution by guessing a form matching F'(n).
3. Add them.

4. Fit initial conditions.

Example: Find all solutions of a,, = 3a,,_; + 2n with a; = 3.
Homogeneous part: agl) = ad”.

Particular solution: F(n) = 2n is degree-1 polynomial, so try p,, = cn + d.
Substituting: cn + d = 3(c(n — 1) + d) + 2n.

Equating coefficients: ¢ = —1,d = —%. So agf’) =—n— %
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Solving Non-Homogeneous Recurrence Relations [2]

General solution: a,, = a® + a = —n — 3 2+ a3

With a; = 3: a—% giving a,, —n——+(11)3n
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Exponential Forcing Term

When F(n) = c- 1™, try aff) = Br.

Warning: resonance. If 7 is already a characteristic root, the trial r" fails. Instead, multiply by n:
try a%’) = Bnr"™ (or n™ if r has multiplicity m).

Example: Solve a,, = 2a,,_; + 3" with a; = 1.

« Homogeneous solution: aﬁzh) = a2".

Particular solution. Since 3 is not a characteristic root, try alP) = 3 - 3™:

B3" =237 1+ 3" = ﬂ=2§+1 = =3
So aP) = gnt1,
General solution: a,, = a2™ + 3"*1,
* Usingay=1:1=a+3,soa=—2.
« The solution is a,, = 3"*1 — 2n+1,
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Recurrences and Generating Functions

Both characteristic equations and generating functions solve the same recurrences, but differently.

Key idea. A generating function encodes the entire sequence (a,,) as coefficients of a power series
A(z) = > a,z™. The recurrence turns into an algebraic equation for A(x).

Example: Derive the generating function for Fibonacci: F), = F,, | + F, 5, Fy =0, F = 1.
Write G(z) = By + Rz + Ba? + Bz + ... =z + 22 + 223 + 3z% + ...
Multiply by = and z? to shift indices:
G (z) = Fyz + Fi2? + B3 + ...
2?G(z) = Rz? + Fx3 + ...

Since F, = F,,_; + F,,_, for n > 2, each coefficient of G — G — ?G vanishes except Fjz = z:

G(x) —2G(z) —2CGle) =2 = Glo)=———
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Recurrences and Generating Functions [2]

Now factor the denominator. The roots of 1 — z — 2 = 0 are:

1++5 1
T = =

-9 Ty =—— Tg=—

1
(4

where ¢ =

The denominator 1 — z — x2 and the characteristic polynomial 72 — r — 1 differ only by the
substitution z — % Setting the denominator to zero gives values of x where the series diverges —
these are the poles of G(x). The characteristic roots r, 7, are the reciprocals of these poles.
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Recurrences and Generating Functions [3]

Partial fraction decomposition of G(z) then produces exactly Binet’s formula:

x 1 1 1 1T,
G@):m:%(l_m—l_w):— (@7 =9

Why two methods?
» Characteristic equations are mechanical and fast for constant-coefficient recurrences.

« Generating functions reveal combinatorial structure, handle variable coefficients, produce closed
forms via partial fractions — at the cost of more algebra.
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Summary: Recurrence Relations

Vs

Solution methods

1. Telescoping — unwind first-order
recurrences

2. Characteristic equations — for constant-
coefficient linear recurrences

3. Generating functions — encode the whole
sequence algebraically

Recipe: characteristic equation

Polynomial 4% roots v general solution
(distinct / repeated / complex) v fit initial
conditions.

-

General solution forms

« Distinct: o 77 + a7y

« Repeated: (a; + ayn)ry

+ Complex: p"(a cosnf + [ sinnd)

« Non-homogeneous: a,, = a!¥) + (P

7

Connections

+ Companion matrix, eigenvalues v linear
algebra

+ Same structure as linear differential
equations

« Characteristic roots = reciprocals of GF poles
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Annihilators




Operators

Definition 30: An operator takes a function and produces another function.

The three operators we need are:
* Sum: (f +9)(n) = f(n) + g(n)
+ Scale: (a- f)(n) i=a- f(n)

« Shift: (E f)(n) := f(n+1)

Examples:

o Linearity: E(f+g9g) =Ef+Eg,and E(3f) =3 -E f.

« Composition: (E—2)f :=E f — 2f.

« Powers: E2 f(n) = f(n+2),E* f(n) = f(n + k).

« Products: (E—2)2 = E2—4E+4, (E—1)(E—2) = E2 —-3E +2.
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Applying Operators

Examples: Below are the results of applying different operators to f(n) = 2™:

2f(n) =2-2" =2
3f(n)=3-2"
E f(n) = 2n*!
E2 f(n) = 272
(E—2)f(n) = E f(n) — 2f(n) = 271 — 271 =0
(E? —1)f(n) = E? f(n) — f(n) =272 —2" =3.2"
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Compound Operators

The compound operators can be seen as polynomials in “variable” E. ’

Example: The compound operators E? —3E +2 and (E —1)(E —2) are equivalent:
Let g(n) = (E=2)f(n) = f(n+1) —2f(n)
Then (E—1)(E—2)f(n) = (E—1)g(n)
=g(n+1) —g(n)
=[f(n+2)=2f(n+ D] = [f(n+1) = 2f(n)]
=f(n+2)—3f(n+1)+2f(n)
= (E?-3E+2)f(n) v
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Operators Summary

Operator Definition

addition  (/ +9)(n) = f(n) + g(n)

subtraction (f—9g)(n):= f(n) —g(n)

multiplication (a - f)(n) == a - f(n

shift E f(n):= f(n+1)

k-fold shift E* f(n) == f(n + k)

composition (X+Y)f:=Xf+Yf
(X-Y)f=Xf-Y]
XY = X(Y f) = Y(X )

distribution X(f+9) =Xf+ Xy

119/ 199



Annihilators

Definition 31: An annihilator of a function f is any non-trivial operator X such that X f = 0.

Intuition: An annihilator “kills” the function — after applying the operator, nothing remains. This is the
same idea as finding roots of a polynomial: if (z — 2) is a factor, then plugging in x = 2 makes the
polynomial zero. Here, (E —a) is a factor, and applying it to a” makes the result zero.

Examples:

+ (E —1) annihilates any constant f(n) =c¢: (E—1)c=c—c=0.

+ (E—2) annihilates f(n) = a - 2": (E—2)(a2") = a2 — 222" = 0.

« (E —1)? annihilates any linear f(n) = an + 3: (E—1)(an + 8) = « (a constant), and (E —1)a = 0.
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Annihilators Summary

Operator Functions annihilated

E—-1 a

E—a aa”

(E—a)(E-b) aa™ + b [if a # b]
(E—ap)(E—ay)...(E—ay) Zfzo a;al  [if a; are distinct]
(E-1)? an+

(E~a)® (an + B)a”

(E—a)*(E-D) (an + B)a™ +~yb™  [if a # b
(E—a)? (Zf;ol aini)a”
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Properties of Annihilators

Theorem 25: If X annihilates f, then X also annihilates af for any constant .

Proof: Since operators are linear (they distribute over scaling), X (af) =a- X f=a-0=0.

Theorem 26: If X annihilates both f and g, then X also annihilates f + g.
Proof: By linearity of operators: X (f +¢9) =X f£ Xg=0+0=0.
Theorem 27: If X annihilates f, then X also annihilates E f.

Proof: Any operator X that is a polynomial in E commutes with E itself.
Therefore X (E f) = E(X f) = E(0) = 0.
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Properties of Annihilators [2]

Theorem 28: If X annihilates f and Y annihilates g, then X Y annihilates f + g.

Proof: Since X annihilates f, and by the previous theorem X also annihilates E f, E? f, etc., the operator
X annihilates any function obtained by applying shift-operators to f. In particular, X annihilates Y f.
Now apply X Y to f + ¢

XY(f+9)=XYf+Yg=XY[f)+X(Yyg)

The first term X (Y f): since X annihilates f and commutes with Y, thisis Y(X f) = Y (0) = 0. The
second term X (Y g): since Y annihilates g, we get X (0) = 0. Both terms are zero, so the result is zero. [
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Annihilating Recurrences

The annihilator method is a systematic five-step procedure for solving recurrences.

recurrence ]:>[0perat0r form]:>[ annihilator ]:>[ factors ]:>[ solution ]

Rewrite the recurrence in operator form (replace a,, with E-operators).

Identify the annihilator of both sides and multiply additional factors to kill the residue.

Factor the annihilator into linear factors (E —a).

Read off the generic solution from the factorization (one term per factor, using the summary table).

Gk e

Fit the initial conditions to determine the free constants.

Example: r(n) = 5r(n — 1) with r(0) = 3.

Step1. r(n+1)—5r(n) =0 Step 3. (E —5) is already factored.
(E=5)r(n) =0

Step 4. r(n) = ab™ is a generic solution.
Step 2. (E —5) annihilates r(n). Step5. r(0)=a=3 — a=—3
Thus, r(n) =3 - 5™.
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Annihilating Recurrences [2]

Example: T'(n) = 2T (n —1) + 1 with T(0) =0

1.

(B2

T(n+1)—2T( )=
(E=2)T(n) =
oes not annihilate T'(n): the residue is 1.

—2)
) d
(E —1) annihilates the residue 1.
Thus, (E —1)(E —2) annihilates T'(n).
—1)

(E

T(n) = a2™ + B is a generic solution.

(E —2) is already factored.

. Find the coefficients «, § using T'(0) = 0 and T'(1)

T(0)=0=a-20+8 a=1
T(1)=1=a-21+ﬂ} = {5:—1

Thus, T'(n) = 2™ — 1.

=2T(0) + 1 =1:
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Annihilating Recurrences [3]

Example: T(n) = T(n—1) +2T(n —2) + 2" —n?

1. Operator form:
(E? —E—2)T(n) = E?(2" — n?)

2. Annihilator:
(E2 —E —2) (E-2)(E —1)3

3. Factorization:

(E+1)(E—2)2(E—1)3

4. Generic solution:
T(n) =a(—=1)"+ (Bn+7)2" +én% +en+¢

5. There are no initial conditions. We can only provide an asymptotic bound.

Thus, T'(n) € O(n2")
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Annihilators and Characteristic Equations

Note: The characteristic equation method and the annihilator method are the same algebra in different
notation. Replacing  with E in the characteristic polynomial gives the annihilator, and vice versa.
Understanding both gives you flexibility: use whichever is more convenient.

Theorem 29: For the linear homogeneous recurrence a,, = ¢;a,,_; + €3a,,_o + ... + C1Q,,_j:

. Characteristic polynomial: p(r) = r¥ —¢;r*"1 — .. — ¢,
« Annihilator polynomial: p(E) = EF —c, E¥F1 — .. — ¢,
If r{,...,r, are the distinct characteristic roots with multiplicities m, ..., m,, then

p(r)=(r—r)"..(r—r)™ =p(E)

The factorization is identical; only the interpretation differs.

Proof: The recurrence a,, — ¢;a,,_; — ... — ¢;a,,_;, = 0 can be written as (Ek —c; EFL— L — ck)an =0.
This is the annihilator polynomial applied to a,,.
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Annihilators and Characteristic Equations [2]

k—erb=l — ... —¢, =0.

The characteristic equation is r

Both polynomials have the same coefficients — the only difference is the symbol (r vs. E). Therefore they
have the same roots and the same factorization. O

Example: a, = 5a,_, — 6a,,_,.

« Characteristic: 72 — 5r + 6 = (r — 2)(r — 3) = 0.
+ Annihilator: (E —2)(E —3)a,, = 0.
+ Both give: a,, = a2™ 4 53™.
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Common Mistakes

Example: Solve a,, = 2a,,_; — 2" witha, = 1.
Wrong answer: “Characteristic equation: r — 2 = 0, so 7 = 2. General solution: a,, = ¢ - 2™

Where’s the error?

« This is non-homogeneous (has extra term “—2™”), but the student ignored it!

« We need a particular solution in addition to the homogeneous one.

« Since 2 is also the characteristic root (resonance!), the simple trial 52" fails. We must try ag’) = fBn - 2™

Correct: a,, = (¢ +n)2". Using ay = l: a = 1, s0 a,, = (1 + n)2™.
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Summary: Annihilators

Vs

Core idea. An operator X annihilates f if X f = 0.
The factor (E —a) kills a”. Higher powers (E —a)? kill (og + ayn + ... + ag_1n1)a™

Finding the annihilator of a recurrence automatically reveals the form of the solution.

Algorithm Key properties
1. Rewrite recurrence in operator form  If X annihilates f,
2. Find the annihilator of both sides e i el eramaeliies eoif Jf 22 6 19
3. Factor into (E—a;) terms o If X annihilates f and Y annihilates g,
then X Y annihilates f 4+ ¢

4. Read off generic solution from factors

« Same polynomial as characteristic equation, with
5. Fit initial conditions r=E
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Asymptotic Analysis

“A mathematician who is not also something of a poet
will never be a complete mathematician.”

— Karl Weierstrass



Asymptotic Notation

Definition 32 (Big-O notation): f(n) € O(g(n)) means f is asymptotically bounded from above by g,
up to a constant factor:

f(n) € O(g(n)) <= FJc>0.3ny,.Vn>ny:|f(n)| <c-g(n)

Definition 33 (Small-o notation): f(n) € o(g(n)) means f is strictly dominated by g: no constant
makes f keep up with g.

f(n) €o(g(n)) < Ve>0.3n,.Vn>n,:|[f(n) <c-g(n)

Note: The only difference is Jc¢ (Big-O: some constant works) vs.
V¢ (Small-o: every constant works, no matter how small).

Note: Flip < to > to get the dual notations f € Q(g) (bounded below) and f € w(g) (strictly dominates).
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Asymptotic Notation [2]

Definition 34 (Theta notation): f € ©(g) iff f € O(g) and f € Q(g) — f and g grow at the same rate,
up to constant factors.

Example: Prove that 3n? 4+ 5n € ©(n?).
Upper bound: 3n2 +5n<3n2+5n2=8n2forn>1,s0c=S, ny = L.
Lower bound: 3n? + 5n > 3n? forn > 0, so ¢ = 3, ny = 0.

Both bounds hold, so 3n? + 5n € @(nQ).
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Limits

Notation Name Description Limit definition
f€o(g) Small Oh f is dominated by g i f(n) 0
im ——= =
f€0O(g) BigOh f is bounded above by g . |f(n)]
lim sup <

n—oo  g(n)
f~g Equivalence  f is asympotically equal to g ) f(n) 1
f€Q(g) BigOmega f is bounded below by g .. f(n)

lim inf —= >0
f€w(g) SmallOmega f dominates g 1 f(n)
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Asymptotic Equivalence

Definition 35: f ~ g means f and g are asymptotically equivalent — their ratio tends to 1:

2

. 2
Example: n? + 3n ~ n?, since :23" =1+ % — 1.

Note: f ~ g is strongerthan f € ©(g): 2n € O(n) but 2n ~ n is false (the ratio is 2, not 1).
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Properties of Asymptotics

Theorem 30: The asymptotic notations satisfy:
feO(g)and feQ(g) < feB(g)
feOlg) <= geQf)
feolg) <= gew(f)
feolg) — feO(g)
fewlg — [fey)
fr~g — [feB(g)

Note: Growth rate hierarchy: 1 C o(Inn) C o(n) C o(nlnn) C o(n?) C 0(2") C o(n!).

Each class is strictly contained in the next: n* € o(c™) for any k and ¢ > 1.
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Divide-and-Conquer Algorithms Analysis
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Divide-and-Conquer Recurrence

T(n)=a- T(%) + f(n)

T'(n) is the cost of the recursive algorithm
» a is the number of parts (sub-problems)

n/b is the size of each part
T(%) is the cost of each sub-problem
+ f(n) is the cost of splitting and merging the solutions of the subproblems

Hereinafter, ¢ logy, a is a critical constant.

crit —
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Master Theorem

The master theorem [2] gives a direct asymptotic bound for recurrences of the form
T(n)=a- T<%) + f(n)

where ¢ = log, a is the critical exponent.

Intuition: The recurrence splits into a sub-problems of size n/b. The total work at each level of the
recursion tree is a copies of the sub-problem cost, plus the merge cost f(n).

« If f(n) is small relative to n°i, the recursion leaves dominate — total cost is ©(n ).

« If f(n) is comparable to n:i, the levels contribute equally — a log factor appears.

« If f(n) is large, the root level dominates — total cost is O(f(n)).
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Master Theorem [2]

Case Description Condition Bound

Casel  “merge” < “recursion” f(n) € O(n°), ¢ < ¢ T(n) € O(ncr)

CaseIl “merge” ~ ‘recursion” f(n) € ©(niloghn), k>0 T(n)€ O(niloght!n)
T(n) € ©(f(n))

Case Il “merge” > “recursion” f(n) € Q(n°), ¢ > c.

Note: Case III also requires the regularity condition to hold: af(n/b) < kf(n) for some constant k < 1 and

all sufficiently large n.
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Examples of Master Theorem Application

Example: T(n) = 2T (n/4) + n®51

a=20b=4 cyy =log, 2 =13 f(n) =n"%" € Qn°) withc=0.51>05=c
Case IIl: T'(n) € ©(n%51).

Example: T(n) = 5T (n/25) + n%4°

crit*

a=5,b=25c. =logy 5= 3. f(n) =n’* € O(n®) withc =10.49 < 0.5 =¢
Case: T'(n) € @(n%)

Example: T'(n) = 3T(n/9) +v/n

a=30b=09,c, =logg3 =13 f(n) =n7 =n%, so f(n) € O(nnlog®n).
Casell(k=0):T(n) € @(n% log n)

crit*
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Akra-Bazzi Method

The Akra-Bazzi method [3] is a generalization of the master theorem to recurrences of the form

k
T(n) = f(n)+ Z a; T (bin + hi(n) )

| IS
=1 .

* k is a constant

ca; >0

c0<b; <1

h;(n) € O(longn) is a small perturbation

Bound of T'(n) by Akra-Bazzi method:

T(n)e@(n”~ <1+ n%dx))

k
where p is the solution for the equation Z a; b =1
i=1
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Akra-Bazzi Example

Example: Suppose the runtime of an algorithm is expressed by the following recurrence relation:

lfor0<n<3
T(n) = {n2 +IT(|in]) +T([3n]) for n >3

+ Note that the Master Theorem is not applicable here, since there are two different recursive terms.

 Let’s apply the Akra—Bazzi method. First, solve the equation %(1)27 + (E)p = 1. This gives us p = 2.

2 4
« Next, use the formula from AB-method to obtain the bound:

T(z) € @(xp (1 + ' Q]:I(:g du)) =
=®(m2(1+/zz—zdu)) =

O(z%(1 +1Inz)) =
= O(z?logz)
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Summary: Asymptotic Analysis

Vs

Notations

+ O(g): bounded above by g (some constant c)

+ Q(g): bounded below by g

+ O(g): bounded above and below — tight

+ 0(g): strictly dominated (no constant saves
you)

+ w(g): strictly dominates

o f ~ g:ratio — 1 (stronger than ©)

Master Theorem

T(n) = aT(n/b) + f(n), where ¢

erit =
Compare f(n) with nS:

+ CaseL: f is smaller — ©(n%t)

+ Case II: f is comparable — O (ni logn)
+ Case III: f dominates — ©(f(n))

log, a.

Growth hierarchy: 1 C o(Inn) C o(n) C
o(nlnn) C o(n?) C 0(2™) C o(n!)

Akra-Bazzi

Generalizes Master Theorem to unequal sub-
problem sizes. Solve > a,b? = 1 for p, then
integrate.
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Advanced Topics




Why Extend the Factorial?

The factorial n! = 1-2 - --- - n is defined only for non-negative integers. But many formulas need factorial-
like values at non-integer points:

+ Generalized binomial coefficients: (] ) for real 7 requires a continuous version of r!.
« Probability: the Gaussian integral [ e’ dt evaluates to a non-integer “factorial” value.
+ Asymptotics: Stirling’s formula n! &~ v/27n(n/e)"™ comes from the analytic properties of T'.

How should we interpolate n! between the integers? There are infinitely many smooth extensions; we need
a principled way to choose.
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Euler Integral Definition

Definition 36: The Gamma function is defined for z € C with 9R(z) > 0 by the Euler integral:

I'(z) :/ t*~letdt
0

The integral converges for all z with $R(z) > 0 because the exponential e~* decays faster than any power

of t grows.

Example: T'(1) = fooo e~tdt = 1. A change of variable t = s gives '(1/2) = fooo e 5" ds = \/T.
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The Functional Equation

Theorem 31: For all z with R(z) > 0: I'(2 + 1) = z - I'(2). In particular, I'(n + 1) = n! for every
positive integer n.

Proof: Start fromI'(z 4+ 1) = fooo t?e"tdt. Integrate by parts with u = t*, dv = e~ 'dt:

Iz+1) = [—tze*t]go + z/ t*"le~tdt
0
The boundary term vanishes: at t = 0 we get t*e¢~* = 0 (since z > 0), and at ¢ = oo the exponential decay
dominates. Therefore I'(z + 1) = z - ['(2). Iterating gives '(n + 1) =n ----- 1-T'(1) = n!, since I'(1) =

fooo e~ tdt = 1. O
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Plot of I'(x)

A Key values
P(@) 1. T(1)=1=0
6 ° 2.T(2)=1=1!
3.T(3)=2=2!
4. T'(4)=6=3!
4 5. T'(1/2) = /m ~ 1.77
2 - <
) Behavior
« Poleatz = 0": T'(z) — 400
’ > e Minimum near ¢ ~ 1.46: I" =~ 0.89
1 2 3 S « Polesatallz =0,—1,—2, ...
| J
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Bohr-Mollerup Theorem

Theorem 32: There is a unique function f : (0,00) — (0, c0) satisfying all three conditions:
1. f(1)=1

2. flz+1) =z f(z)forallz >0

3. In f(x) is convex

That unique function is f(z) = I'(x).

The first two conditions alone are not enough: there are infinitely many extensions of n! satisfying the
functional equation. Convexity of InI" is the natural smoothness requirement, ruling out functions that
wiggle wildly between integer points. By Bohr—Mollerup, any function satisfying these three conditions

must be I'. This will guarantee that the Gauss limit and Weierstrass product (introduced next) define the
same function as the Euler integral.

150/ 199



Convexity of InT’

Alnf

»

InT'(z) “ (convex)

non-convex alternative

\
\
\/

x

The chord (gray dashed) lies above InT", confirming convexity. The red dashed curve is an alternative
extension that satisfies the first two Bohr-Mollerup conditions but is not convex.
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Gauss’s Limit Form

Definition 37: Gauss’s limit form defines I'(x) for > 0 as:

n!-n®
I'(z):= lim —po b
n—oo Hk:O (x —+ k)

Theorem 33: The Gauss limit satisfies the same functional equation: I'(x + 1) = = - T'(z).

Proof: Write I'(x + 1) using the limit:

Shift the index: [}’ (z+1+k) = HZ: (x + k). Factor out I'(x) and the extra terms:
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Gauss’s Limit Form [2]

y n!-n® n
= lim - = .
n— o0 szo(a:—i-k) r+n+1

As n — oo, the factor n/(z + n + 1) — 1, and the remaining limit is z - I'(x) by definition. O
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Weierstrass Product

Definition 38: The Weierstrass product defines 1/T'(x) as an infinite product:

o0

1 xr —/n
m:x-@ 'H((1+x/n)e /)

n=1

where v = lim,,_, (ZZ=1 1/k —In n) ~ 0.5772 is the Euler-Mascheroni constant.

This form defines 1/I'(x) as an entire function (no poles), so the poles of I'(z) at x = 0, —1, —2, ... come
from the simple zeros of the product. Since all three definitions satisfy the Bohr—-Mollerup conditions, they
define the same function.
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Equivalence of Definitions

Theorem 34: The Euler integral and Gauss limit definitions agree: for all z > 0,

Proof: Define I, := ["t*71(1 —t/n)"dt. Asn — oo, (1 —t/n)"* — et s0 I, — I'(z).
n 0 n

Substitute u = t/n:
1
I, =n" / u* (1 —u)"du =n® - B(z,n + 1)
0

where B(z,y) = fol t*1(1 —t)¥ldt.
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Equivalence of Definitions [2]
Using the Beta-Gamma relation B(z,y) = (I'(z) - I'(y) ) /T'(x + y) (itself provable from the Euler integral):
I'(z)-T'(n+1) n!-n®

e ey o IS § B pegrip

sincel'(n+1)=nlandT'(z+n+1)=(x+n)(z+n—1)z-T'(z).

Taking n — oo and matching both sides completes the proof. O
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Euler’s Reflection Formula

Theorem 35: For all non-integer z:

Example: T'(1/2) -T'(1/2) = ToTD
integers: (1/2)! =T1'(3/2) = /7/2.

= m, so I'(1/2) = /. This confirms that the factorial extends to half-
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Stirling’s Approximation

Theorem 36: Asn — oo:
n! ~ V2mn(n/e)™
More precisely, n! = v/27n(n/e)"e» where 1/(12n + 1) < 6,, < 1/(12n).

Stirling’s approximation lets us estimate factorials and binomial coefficients without computing huge
products.

For example, (2:) ~ 4" /\/7n follows directly.

Example: Estimate 10! using Stirling: v/207(10/e)° ~ 3.599 x 10°. The exact value is 10! = 3628800 ~
3.629 x 109, error less than 1%.
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Gamma Function Applications

The Gamma function appears throughout combinatorics and analysis.

Generalized binomial coefficients (for arbitrary r € R): (}) = % the definition

underlying Newton’s Binomial Theorem for real exponents.

Beta function: B(z,y) = F(Igiy f t==1(1 — t)v—1dt.

Volume of the n-ball: V, = 77/2/T'(n/2 + 1), a natural application of I" at half-integer arguments.

Asymptotics of partitions and Stirling numbers: leading terms involve I' through saddle-point
methods.

159

199



Summary: Gamma Function

( ) ( )
Why T is unique (Bohr-Mollerup) Key properties
1. I'(1)=1 « Functional equation: I'(z + 1) = z - I'(x)
2.T(z+1) =z -I'(x) + Integer values: I'(n) = (n — 1)!
3. InT'(x) is convex + Reflection: I'(z)I'(1 — z) = / sin(nz)
. I T2 = v
& J
Three equivalent definitions - \
« Euler integral: fOOO t*~lte~tdt Applications
+ Gauss limit: lim(n!n®) /([[(z + k)) « Extends n! to reals and complexes
+ Weierstrass: 1/T' = ze?” [((1 + « Generalizes (}) to real n
z/n)e /") « Stirling: n! ~ v2mn(n/e)"
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Mobius Inversion

“The opposite of a correct statement is a false statement.
But the opposite of a profound truth may well be another profound truth.”

— Niels Bohr

Gian-Carlo August
Rota Ferdinand
Mobius



Motivation

Throughout this course we have derived many counting formulas:

Stirling numbers: sk (n)

Multiplication principle: k™

Bell numbers: B,,
Combinations: () PIE: }° (—1)%(?)(n —4)*
Stars and bars: (”*’571) + Derangements: D,

Permutations: n!/(n — k)!

They all seem unrelated.

[ But many of them are unified by one deep pattern: Mébius inversion on partially ordered sets. ]
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Posets

Definition 39: A partially ordered set (poset) is a pair P = (P, <) where < is a reflexive,

antisymmetric, and transitive binary relation.

We will work with three key examples:

7

Boolean lattice

(2[71]’ g)

Elements: subsets of [n].

A<BIiff ACB.

N\

Vs

Divisor lattice

(Z7,1)

Elements: positive integers.

a<biffa|b.

Partition lattice

II

n

Elements: partitions of [n].

7 < o iff 7 refines o.

163

199



The Boolean Lattice B,

{1,2,3}

(o) (03] (e3)

Cm ) ey (6]

EN

The Boolean lattice B; = (2[3], C): elements are subsets of [3] = {1, 2, 3}, ordered by inclusion.
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The Divisor Lattice of 12

The divisor lattice of 12: elements are divisors of 12 = 22 - 3, ordered by divisibility.
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The Partition Lattice II;

123

S I e B T

123

The partition lattice II5: elements are partitions of [3], ordered by refinement. 7 < o means every block of
m is contained in a block of o.

Stirling number s} (n) counts the elements of II,, with exactly k blocks.
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Intervals

Definition 40: Let P = (P, <) be a poset and = < y. The interval [z, y] is the set:

[z,yl ={z€P|z<2<y}

A poset is locally finite if every interval is finite.
Example: In the Boolean lattice (2[3], Q):
[{1},{1,2,3} = {{1},{1,2},{1,3},{1,2,3}}

In the divisor lattice of 12: [2,12] = {2,4, 6,12}
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The Incidence Algebra

Definition 41: Let P = (P, <) be a locally finite poset. The incidence algebra I(P; R) consists of
functions f : {(z,y) € P? | z < y} — R with the convolution product:

(fxg)(@y) = Y. flx,2)- g(zy)

r<z<ly

Matrix intuition.

1. Index elements z,, Z,, ... so that z; < x; implies ¢ < j.
2. Each function becomes an upper-triangular matrix.
3. Convolution is just matrix multiplication.
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Three Key Functions

The incidence algebra has three elements that make everything work.

Definition 42: The Kronecker delta is the identity for convolution:

_Jlifz=y
6(=,y) = {O otherwise

Definition 43: The zeta function encodes the order relation:

lifx <y
0 otherwise

C(w,y)Z{

Definition 44: The Mobius function is the inverse of ¢ in the incidence algebra:
pxQ=Cxp=29
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Three Key Functions [2]

Convolving with ¢ sums over everything below: for any f, (f * {)(y Z f(z

<y

Convolving with y undoes that sum.

Analogy:

+ ( = “integrate” (accumulate)

+ p = “differentiate” (recover original)
+ ¢ = “do nothing”
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Recursive Formula

The algebraic definition p * = § yields an explicit recursion:
w(z,z) =1for all x € P

Forz < y:

wa,y) == Y p(z,2)

<2<y

Example (Mobius function on the chain [3]): For the chain ({1, 2, 3}, <):
cu(1,1)=1,pu(2,2) =1,u(3,3) =1

« w(1,2) = —p(1,1) = 1
© w(2,3) =—p(2,2)=-1
« w(1,3) = —(p(1,1) +pu(1,2)) = =(1+(=1)) =0
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Computing 1t on the Boolean Lattice B4

B |B| w(2,B) Computation

9] 0 1 base case

{1y 1 —1 —1(2,9)

{21 1 —1 —1(2,9)

{34 1 —1 —1(2,9)
{1,2} 2 —(1+(—1)+(-1))
(1,3} 2 —(14 (=1) + (-1))
2,30 2 —(1+ (1) + (~1))

{1,2,3} 3 —1  —(1—-1-1-1+1+1+1)

Non-bottom intervals confirm the same pattern:

« p({1},{1,2}) = —1 = (—1)! (distance 1)

- w({1},{1,2,3}) = —(1+ (—1) 4+ (—1)) = 1 = (—1)? (distance 2)
- n({1,2},{1,2,3}) = —1 = (—1)! (distance 1)

The pattern is clear: (A, B) = (—1)/B/-14],
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Mobius Inversion Formula

The Mobius function satisfies the cancellation identity: for any z < y,

_Jlifz=y

r<z<y

Theorem 37: Let P = (P, <) be a finite poset and f,g : P — R. Then:

fl@)=) gly) < g&)=> uyxz)- f(y)

y<z y<z
In words:

1. f counts “everything below” g.
2. p tells you how to recover g from f.
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Proof of the Inversion Formula

Proof: (=) Suppose f(z) = qu 9(y) = (g * ¢)(z). Convolve both sides with p:

frp=(g*C)*p
=g*(Cxp)
=g*d=g
So g(z) = (f»p)(x) =Y f(y)

y<z

(<) Conversely,if g = f* y, theng*x (= fxux(=fxd = f.

174/ 199



Mobius Function on the Boolean Lattice

Consider the Boolean lattice P = (2[”], Q).

Theorem 38: In the Boolean lattice, the Mdbius function is:
(4, B) = (—1)IB-14

for A C B.

Proof: By strong induction on d = |B| — |A|.
Base (d = 0): A= B,so u(A,A) = 1= (-1)% v
Inductive step: For A C Bwith |B| — |A|=d > 1:

n(A, B) = — Z n(4,C)
ACCcB
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Mobius Function on the Boolean Lattice [2]

There are (%) sets C with |C| — |A| = i (choose which i elements to add).

By the inductive hypothesis, each contributes (—1)%:

—1

E¢)en

=0

s

Adding the missing ¢ = d term and subtracting it back:

since (1—1)4 =0ford > 1. v
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PIE as Mobius Inversion
Plugging p(A, B) = (—1)/BI=14l into the inversion formula:
If f(S) = >, 9(T) for all S, then:

9(S) = 3 (~)SHIT £(T)

TCS

PIE IS Mobius inversion on the Boolean lattice!

The alternating signs (—1)!° come directly from u(A, B) = (—1)/BI=14],

This is the deep reason PIE works: it is a special case of a general algebraic identity.
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The Chain: Finite Differences

Consider the simplest poset: N with the usual order < .
The Mobius function here is:
1 ify==x

plz,y) = -lify=z+1
0 otherwise

Plugging into the inversion formula:

L IfG(n) =3, F(k) (accumulated sum),
2. then F(n) = G(n) — G(n — 1) (finite difference).

Mobius inversion on the chain is the fundamental theorem of discrete calculus.

Summation and differencing are inverse operations — just like integration and differentiation are in
continuous calculus.
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Zhegalkin Polynomials

The Zhegalkin polynomial (algebraic normal form) of a Boolean function f : {0,1}" — {0,1} isa
representation as an XOR-sum of conjunctions:

f(@y e my) = @ ag - Hxiv

SCln] €S
where ag € {0,1} and & is XOR (addition mod 2).

The value of f on input set B is:

f(B) = P au.

ACB
This is convolution with ¢ on the Boolean lattice, but over the field GF'(2).

By Mébius inversion over GF(2), subtraction equals addition, so (—1)/5I=14l = 1.

ap = EB f(A).

ACB
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Zhegalkin Polynomials [2]

Example: Let f(z,y) = = and y. Truth table: f = (0,0,0,1).

Compute coefficients:
« a; = f(00) =0,
« a, = f(00) ® f(10) =0,
(00) & £(01) =0,
.« a,, = f00)® f(10)® f(01)® f(11) =00 00001 =1

Takeaway. The standard algorithm for converting a truth table to Zhegalkin form (the “triangle
method”) is exactly M6bius inversion on the Boolean cube over GF'(2).

180 / 199



Counting Surjections

Example: How many surjections h : [k] — [n] are there?

Define:
« g(S) = |{h: [k] — [n] | image of h equals S}| for S C [n].
« F(S)=|{h:[k] = [n] | image of h C S}| = |S|*.
Then F'(S) = Z 9(T),ie, FF=gx*(.
TCS

By Mobius inversion on the Boolean lattice:

TC[n]
= (=) Tl|T)*
TC[n]
— - _1\n—¢ LA
_1.:0( 2 (z)l

This is exactly the PIE formula for surjections that we derived earlier!
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Computing 1 on the Divisor Lattice

Before stating the general formula, let us compute p on the divisor lattice of 12.

Example: Divisors of 12 = 22 - 3 are: {1,2,3,4,6,12}.

Using the recursion u(1, d) Z (1, c)
2<‘§
d p(1,d) Computation
1 1 base case
2 —1 —u(1,1)
3 —1 —u(1,1)
4 0 —(14(-1))
6 —(14(=1)4+(-1))
12 0 —(1-1—-140+1)

Notice: z1(d) = 0 when d has a squared prime factor (4 = 22,12 = 22 - 3), and u(d) = (—1)* when d is a
product of k distinct primes.
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The Classical Mobius Function

Consider the divisor lattice P = (Z*,|).

Theorem 39: The Mébius function on (Z1,|) is the classical Mobius function:

1 ifd=1
p(d) = < (=1)* if d = p;---p;, (distinct primes)
0 if d has a squared prime factor

where p(a,b) = pu(b/a) for a | b.

Proof: We need _ In p(d) = {(1) i Zj

Casen:l:zdll,u(d)zu(l):l./

Case n > 1:Letn = p}*...p%r. Divisors with a squared factor have u(d) = 0, so only square-free divisors

contribute:
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The Classical Mobius Function [2]

> ould) =" p (Hp,-)

d|n SC[r] €S

= (_1)IS\

The identity u(a,b) = p(b/a) holds because the interval [a, b] in the divisor lattice is isomorphic to the
divisor lattice of b/a.

Example:

cp(l)=1Lpu2)=-1pu@3)=-1
« u(4) = 0 (since 4 = 2?)

« u(6) =p(2-3) =1 pu(30) = pu(2-3-5) = -1
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Number-Theoretic Mobius Inversion

Theorem 40: For arithmetic functions f,g : Z* — R:

fn) =Y gld) < g(n)=>_p(d)- f(n/d)
d|n d|n
This is exactly Mdbius inversion on (Z", |), where the order relation is divisibility.
The convolution here is the classical Dirichlet convolution of arithmetic functions.

Proof: Suppose f(n) =3__ n g(d). This is the Dirichlet convolution f = g * (. Convolving both sides
with pi: f % p = g* (x p = g+ = g. Writing out explicitly: g(n) = 3_ n wu(d)f(n/d). O O
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Euler’s Totient Function

Example: Define ¢(n) = |{k € [n] |gcd(k,n) = 1}|.

Every k € [n] has ged(k,n) = d for aunique d | n,son = Z o(d).
d|n

d
By Mébius inversion: p(n) =n - Z M
d|n d

Only square-free divisors survive, so the sum simplifies:

Example: For n = 12 = 22 - 3, we have:

1 1 1 2
12)=12-[1—=||1—=]=12-—-—=14
o2 =12 (1-5)(1-5) =125 5

The four numbers coprime to 12 are 1,5,7,11. v
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Summary: Mobius Inversion

We saw four posets, each with its own Mobius function:

Poset Mobius function What it gives

Chain (N, <) u(n,n) =1, u(n —1,n) = —1 Finite differences: F'(n) = G(n) — G(n — 1)
Boolean (2", C) w(A, B) = (—1)B-l4l Inclusion-exclusion

Boolean over GF'(2) u(A, B) =1 always Zhegalkin polynomials

Divisors (Z™, ) w(d): classical Number-theoretic inversion

Common pattern: ¢ sums over everything below, 1z undoes the sum.

The poset determines the form of (.
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The Twelvefold Way

“The purpose of computing is insight, not numbers.”

— Richard Hamming



Balls and Boxes

Consider the most basic combinatorial question:

[ How many ways can we place n balls into k boxes?

There are three independent dimensions of variation:

7

Balls

1. Distinct (labeled 1, ..., n)
2. Indistinguishable
(identical)

\.

N\

Vs

Boxes

1. Distinct (labeled 1, ..., k)
2. Indistinguishable

(unlabeled)

-

Placement

1. Unrestricted
2. Injective (< 1 per box)
3. Surjective (> 1 per box)

Total: 2 x 2 x 3 = 12 cases.
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Small Examples

Example: Place n = 2 distinct balls into k = 2 distinct boxes, surjectively.

Placement Description

Ball 1 — Box 1, Ball 2 — Box 2 | each ball in its own box

Ball 1 — Box 2, Ball 2 — Box 1 balls swapped

Answer: klsil(n) =2!-s5(2) =2-1=2. v
Example: Place n = 3 indistinguishable balls into k = 2 distinct boxes, surjectively.
Each box gets > 1, so we need compositions of 3 into 2 positive parts: 3 =142 =2+ 1.

Answer: (Zj) = (f) =2V
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Distinct Balls, Distinct Boxes

This is the theory of functions f : [n] — [k].

7

Unrestricted
Any function: k.

Each of n balls has & choices.
Multiplication principle.

N\

Vs

&

Injective

At most one ball per box:
(k),, = k!l/(k—n)\.

The number of injective
functions [n] — [k]. Requires
k> n.

Surjective

Every box gets > 1 ball:
klsi(n).

Partition [n] into k labeled
blocks (Stirling number

sk (n)), then assign the k
labels to blocks in k! ways.

.

The surjection count uses PIE (equivalently, Mébius inversion on the Boolean lattice):

Klsi(n) = 28 (—1)(%)(k — i)™,
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Indistinguishable Balls, Distinct Boxes

This is the theory of multisets and compositions.

r

Unrestricted

Multiset of size n from [k]:

()

Stars and bars: arrange n
stars and k£ — 1 bars.

N

s

Injective
At most one per box: (fl)

Choose which n of k boxes
are occupied. Requires k > n.

J

Surjective

Every box gets > 1: (Zj )

Compositions of n into k
positive parts (give each box
1 first, then distribute n — k
freely). Requires n > k.
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Distinct Balls, Indistinguishable Boxes

This is the theory of set partitions.

r

Unrestricted

Into < k non-empty blocks:
k i

ijl Sj (n)

Sum of Stirling numbers. If
k > n, this equals B,,.

\.

N

-

Injective

At most one ball per box:
[n < K.

If n < k: each ball in its own
box, one way. If n > k:
impossible (0).

Surjective

Into exactly k non-empty
blocks: sl (n).

Stirling number of the
second kind. Requires n > k.

Here [P] denotes the Iverson bracket:

[P] = 1if P is true, 0 otherwise.
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Indistinguishable Balls, Indistinguishable Boxes

This is the theory of integer partitions.

s \ N N
Unrestricted Injective Surjective
Into < k parts: Zf: 1 Pin): At most one ball per box: Into exactly k parts: py .
n < k. o .
Sum of partition counts into [n < A Integer partitions of n into
exactly j parts. Same as Row 3:if n < k, exactly k parts. Requires n >
\ /| place one per box. If n > k: k.
impossible. A g
& J

Here pj(,,) denotes the number of integer partitions of n into exactly j parts.

Note that Rows 3 and 4 are unlabeled, so the formulas differ from Rows 1 and 2 only in “forgetting” the box
labels.
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From Unrestricted to Surjective

The surjective column is obtained from the unrestricted column by Mébius inversion on the Boolean lattice.

r

Distinct balls, distinct boxes:
Unrestricted: k™ (all functions).

Surjective: k!si(n) = Zfzo (=1 (%) (k— i)™

(2

This is PIE — Mobius inversion on 2[¥!!

~

Indistinguishable balls, distinct boxes:

Unrestricted: ( "+£_1 ) )

Surjective: (Zj )

The same PIE argument, applied to “is box i empty?” properties.
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Forgetting Labels

The transition from distinct to indistinguishable boxes is “forgetting the labels” For surjective
arrangements, every placement becomes one of k! equivalent arrangements (one for each permutation of

the labels), so dividing by k! gives the count for indistinguishable boxes.

7

Key identity: dividing Row 1 surjective by k! gives Row 3 surjective:
1 & (K _
sim) = 5> (0 (7 ) e
=0

More generally, this “forget labels” operation is governed by the Mébius function of the partition

lattice II,,.
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The Twelvefold Way

Balls Boxes Unrestricted Injective Surjective
Distinct  Distinct k" (k),, k!si(n)

Indist. Distinct (Rt (F) (1)
Distinct Indist. Zle sit(n) [n < K] si(n)

Indist. Indist. Z?Zl Pjn) [n < k] Pr(n)

All formulas hold for the standard non-degenerate cases n, k > 1.
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Course Wrap-Up

Counting fundamentals

« Addition, multiplication, bijection principles
» Permutations and combinations

» Multisets and compositions

 Binomial and multinomial theorems

Analytic methods

« Generating functions

« Characteristic equations

« Annihilators

« Master theorem, Akra—Bazzi method

Structures

« Set partitions (Stirling, Bell)

« Integer partitions (Ferrers, Young tableaux)
« Inclusion—-exclusion (PIE, derangements)

-

Advanced topics

- Gamma function

- Mobius inversion

» The Twelvefold Way
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